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of the service offered by downstream carriers. Travelers’ costs include a fare, a
transportation cost to the facility and a schedule delay cost. The interactions
in the facility-carrier model are represented as a sequential three-stage game in
fees, times and fares. Duopolistic competition leads to an identical departure
time across carriers when their operating costs do not vary with the time of day,
but generally leads to distinct service times when this cost is time-dependent. We
also find that higher per-passenger commercial revenue at one facility induces a
lower fee charged by both facilities to their carrier and a lower fare charged by
both carriers at their departure facility, while a lower marginal operating cost for
one carrier implies a higher fee at its departure facility, a lower fee at the rival
carrier’s facility and a lower fare at both facilities. Finally, we show that the socially optimal schedule differentiation decreases in the distance between facilities
and in the unit transportation cost incurred by travelers, and increases in the
unit schedule delay cost incurred by travelers as well as in the marginal time cost
faced by carriers.
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Introduction

Since airline deregulation in the US in the mid-’70s and in Europe in the ’90s, competition between airports and their carriers has intensified. Travelers flying from large
metropolitan areas can often choose from multiple airports and airlines (in particular,
between low-cost and legacy carriers) to reach their destination. Key determinants of
travelers’ choices are the location of the departure airport, airline schedule and fares.
In spatial oligopolies, such as multi-airport regions, airports and their tenant airlines
can exploit the greater convenience of their location to increase prices and differentiate
their services to gain travelers and increase profits. Flight schedules are a key way for
airlines to differentiate themselves. Despite the existence of a large economic literature
examining price and frequency rivalry in aviation, departure time competition has received much less attention. The purpose of this paper is to fill this gap by analyzing
a model of schedule competition in which the price charged by each operator depends
on their location and scheduling decisions.
While airline deregulation has lowered fares, opened new markets and stimulated
air traffic, its impact on airline scheduling remains uncertain. The limited available
evidence (for the US and EU) argues that airline deregulation reduces schedule variety,
as the titles of the papers “Why do all the flights leave at 8:00 am?” (Borenstein
and Netz, 1999) or “Hotelling in the air ?” (Salvanes et al., 2005) suggest. These
findings tend to confirm that Hotelling’s principle of minimum differentiation applies in
commercial aviation. Airlines tend to strategically schedule flights head-to-head, which
is unlikely to be socially efficient. What these papers do not do, however, is specifically
examine scheduling in multi-airport regions, even though multi-airport systems are
bound to play a major role in the future development of air traffic worldwide.1 Nor do
they explore departure time differentiation between full-service and low-cost carriers,
two dominant types of airlines that fiercely compete on the same routes.
When examining flight departure times in competitive multi-airport markets, we
find both schedule clustering and schedule differentiation. One example is the German
1

Bonnefoy et al. (2010) argue that the development of multi-airport systems is key to meeting
future air travel demand. Based on 2005 data, they identify 59 multi-airport systems worldwide,
where at least one primary airport (receiving more than 20% of the total passenger traffic) and one
secondary airport (receiving between 1% and 20% of the total) serve commercial air traffic within a
metropolitan region. They find that the most common system involves one primary and one secondary
airport.
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two-airport system composed of Frankfurt Airport (FRA) and the secondary airport
Frankfurt-Hahn (HHN).2 On August 8, 2017, legacy carriers operating at FRA supply
14 out of the 25 routes offered at HHN by low-cost carriers. Indeed, 93% of these
(nonstop, one-way) flights depart at different times to the same destination. Another
example is the two-airport system composed of the major hub Chicago O’Hare International Airport (ORD), and the secondary Chicago Midway International Airport
(MDW), which faces very strong local demand. On November 8, 2017, almost all
routes served by Southwest at MDW are offered by United Airlines at different times
from ORD.3 This underscores the need to provide a theoretical framework to explore
the sources of these different outcomes.
This paper explores the mechanisms by which schedule differentiation occurs in
a spatial setting, by focusing on the role played by the time-related costs faced by
consumers and firms — namely the carriers that serve the airports — in determining the market equilibrium. We draw on Hotelling (1929), the workhorse of location
theory and industrial organization, and Vickrey (1969), which first modeled consumer
scheduling decisions, to develop a model that incorporates a fee-then-time-then-fare
game in a two-airport system characterized by spatial differentiation.
De Palma and Leruth (1989) and De Borger and Van Dender (2006) examine sequential capacity-price games in spatial settings to investigate the rivalry between
congestible facilities that can adjust their capacities. While these authors consider the
facilities as final service providers, Basso and Zhang (2007) analyze rivalry in capacity
and price between congestible facilities in a “vertical structure.” They consider the
facilities as input providers (upstream firms) that reach final consumers only through
carriers (downstream firms). Brueckner (2002, 2009) and Pels and Verhoef (2004) extend the theory of congestion pricing developed for road traffic to congested airports
when the final service providers — the carriers who want to depart/land at peak hours
— have market power. Verhoef (2010) considers alternative instruments (such as slots
sales and slots trading). These studies highlight that understanding airlines’ scheduling
decisions requires taking into account their time-related operating costs.
2

Frankfurt Airport is publicly traded but the majority shareholder is the German government.
The airport is listed on the German Stock Exchange and distributes dividends. HNA Airport Group
(a Chinese private conglomerate) has been the majority shareholder of Frankfurt-Hahn Airport since
August 2017.
3
This information is based on airline schedule data collected from www.flightstats.com.
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In a seminal paper, Panzar (1979) proposes a spatial model in which two profitmaximizing airlines each operate a single flight and consumers’ generalized costs depend on fares, flight frequency and convex schedule delay costs4 (see also Douglas
and Miller, 1974). Panzar’s analysis focuses on the fare-frequency equilibrium without
explicitly addressing departure-time competition. Encaoua et al. (1996) and Lindsey
and Tomaszewska (1999) are the first to consider a time-then-fare game with quadratic
schedule delay costs and uniformly distributed preferred departure times for travelers
in an airline competition model. However, these models do not consider geographical
location and the effects of airlines’ scheduling on airports’ pricing decisions. With the
same limits but more similar to our setup, Van der Weijde et al. (2014) investigate
several time-fare games for duopolistic travel operators by using a horizontal differentiation model with price-sensitive demands, uniform preferred times and asymmetric
(piecewise linear) schedule delay costs. Departure times are treated as locations on
a time interval and each operator schedules a single departure time. They show that
the time-then-fare game leads to flights scheduled closer than socially optimal but not
necessarily at the same time.5 Note that a large number of studies confirm that passengers’ valuation of their time significantly affects air travel demand, in addition to
the cost/time to access the departure facility and other characteristics of the trip.6
Our work is in the same vein as the spatial approach. It borrows the “vertical
structure” proposed by Basso and Zhang (2007) in a spatial setting but drops the
congestion components to include schedule decisions in the spirit of Van der Weijde
et al. (2014). In contrast to the existing literature, we (i) account for the existence of
a spatial asymmetry in the location of one of the facilities, (ii) allow the time costs
to differ across downstream firms and to impact both the fare and schedule decisions,
(iii) remain agnostic about the shape of the distribution of travelers’ desired departure
times, and (iv) consider the effect of commercial revenues on facilities’ and carriers’
pricing decisions. To keep the analysis tractable, we assume that only one carrier
4

Schedule delay costs represent the monetary costs associated with departing or arriving earlier or
later than desired.
5
Avoiding the spatial approach, Brueckner and Flores-Fillol (2007) and Brueckner (2010) study
scheduling competition through frequency competition between suppliers in fare-frequency games.
They hypothesize that individuals care more about overall flight frequency rather than individual
departure times. In particular, the 2007 model establishes that duopolistic competition does not lead
to a sufficient choice set of flights from a traveler’s perspective.
6
See, among others, Pels et al. (2000, 2003); Adler et al. (2005) and Brey and Walker (2011).
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serves each facility at a single time. The interactions in this facility-carrier model are
represented by a three-stage game (solved backwards) with simultaneous choices at
each stage.
The paper is organized as follows. The market equilibrium is determined in Section 2. Section 2.1 characterizes consumers’ demand for the final service. Section 2.2
examines the carrier-rivalry subgame assuming either exogenous or endogenous service
times and establishes carriers’ equilibrium fares, departure times, demands and profits.
Section 2.3 focuses on the facility-rivalry subgame and characterizes facilities’ equilibrium fees, demands and profits. Section 3 proposes a welfare analysis in which an
aviation authority chooses the departure time of each carrier to maximize social welfare of a two-airport system, given the locations of the facilities. The last two sections
provide numerical results and a summary of our main findings, along with possible
extensions.

2

The Model

In a linear city of unit length, potential consumers are uniformly distributed with
mass one. Two facilities (i = 0, 1) serve the city and a single carrier at each facility
schedules a homogeneous service at time Ti during the operating hours of its departure
facility. The opening and closing times of the facilities, denoted as T , T ∈ ]0, 24[, are
exogenously given such that T < T . The locations of two facilities are given, with
facility 0 located at point h, with h ∈ [0, h], h < 1, and facility 1 located at the end
of the city at 1. In this setting, facility 0 and its carrier have a location advantage in
the sense that, at equal prices, facility 0 faces greater demand than its competitor. In
what follows, we will mainly think of the service as being a trip or flight, carriers as
airlines, facilities as airports and consumers as travelers.

2.1

Consumer choice

We assume that consumers select one airport and a flight on the basis of fare pbi ,
transportation costs and schedule delay costs that capture the monetary value of the
inconvenience caused by departing earlier or later than desired. Consumers’ desired
departure times, denoted by t, are heterogeneous and distributed according to a strictly
4

positive density ρ(t) on the [0, 24] time interval (referred to as the “time line” below).
We denote by F (t) the related cumulative distribution function (or CDF).
Departure times are given to consumers and can differ across carriers. The total
cost or “full fare” of the service for a potential consumer located at x ∈ [0, 1], selecting
b i , t) + θ di2 (x), where
facility i and with desired departure time t, is given by pbi + C(T
2
pbi ≥ 0 is the fare at facility i and θ ∈ [θ, θ] ⊂ R+ is the transportation cost per unit of
squared distance, denoted as d2i (x), between the consumer’s location at x and facility i’s
location, where d20 = (x − h)2 and d21 = (1 − x)2 . From the consumer’s perspective,
a quadratic transportation cost is justified when the marginal disutility to access the
b i , t) ≡ C
bi captures the schedule
transport facility increases with distance.7 Term C(T
delay cost (in monetary units) incurred by a traveler for consuming the service offered
at time Ti by the carrier operating at facility i. Following Van der Weijde et al. (2014)
and for tractability reasons, we assume that consumers’ schedule delay cost function
is piecewise linear in t:
b − Ti )1t≥T + γ
b i , t) = β(t
C(T
b(Ti − t)1t<Ti ,
i

(1)

b ∈
where βb ∈ [β, β] ⊂ R+ denotes the unit cost of departing earlier than desired, γ
[γ, γ] ⊂ R+ is its late counterpart and function 1A is an indicator function that equals 1
if condition A holds and 0 otherwise. A travel service (to the same destination) is not
necessarily scheduled at the same time at both facilities. We examine hereafter the
case where T0 ≤ T1 .8 This schedule configuration allows for travelers to be classified
into three categories based on their departure time preferences: those with t ≤ T0 ,
who prefer to depart earlier than the earliest service offered in the city; those with
t ∈]T0 , T1 [, who would prefer departing after T0 but earlier than T1 ; and those with
t ≥ T1 , who prefer to depart later than the latest service offered.
If the service is consumed, the net benefit of traveling for a consumer with desired
time t, located at x ∈ [0, 1], and departing from facility i is given by:
7

In the Hotelling framework, quadratic transportation costs ensure continuous demands and concave profits in both firms’ prices at any pair of firm locations along the unit line (see D’Aspremont
et al., 1979). This is not the case when consumers’ transportation costs are linear. Hence, our setup
allows consumers located at the left-hand side of facility 0 on the geographical line to consume the
homogeneous product at facility 1 if facility 1’s service cost is low enough.
8
Appendix A contains the more involved calculations for when T0 ≤ T1 , while Appendix B contains
the equally valid case of T0 ≥ T1 . The schedule differences arising from the model are discussed in
detail in the time game.
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bi = U
b − pbi − C(T
b i , t) − θ d2i ,
U
2

i = 0, 1,

b represents the gross benefit of the trip in monetary units and pbi + C(T
b i , t)
where U
is the “service cost” incurred by the consumer for buying from carrier i, net of her
transportation cost to reach the departure facility. We assume that consumers’ preferences for departure times are independent of their location in the city.9 The indifferent
b0 with U
b1 ; that is:
consumer x
e(t) is determined by equalizing U
x
e(t) =

b 1 , t) pb0 + C(T
b 0 , t) 1 + h
pb1 + C(T
−
+
.
θ(1 − h)
θ(1 − h)
2

(2)

The number of consumers with desired time t who choose facility 0 (rather than 1)
b0 ), increases in the service cost at
decreases in the service cost of its carrier (b
p0 + C
b1 ) and increases in h if the inter-facility transportation cost
the rival facility (b
p1 + C
is larger than the difference in service costs between facility 0 and 1. Furthermore, a
higher transportation cost parameter (θ) induces more consumers to choose facility 0
b1 < pb0 + C
b0 .
if the service cost is lower at facility 1, i.e., if pb1 + C
Figure 1: The indifferent consumer along the geographical line
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Figure 1 shows the indifferent consumer along with her service cost on the geographical line. We say that the market is covered for any given facility locations and
for any given departure times if everyone consumes and if a strictly positive fraction
of consumers depart each facility regardless of their desired departure times. For this
9

This is consistent with Brey and Walker (2011), who find that party size and time zone changes
are the most influential variables in determining departure time preferences in air travel.
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to occur, it suffices that the travelers located at x = 0 (resp. x = 1) with desired
departure time t = T1 (resp. t = T0 ) choose facility 0 (resp. 1), or
θ
θ
b 1 − T0 ) ≤ pb1 − pb0 + γ
b(T1 − T0 ) < (1 − h)2 .
− (1 − h2 ) < pb1 − pb0 − β(T
2
2

(3)

The first inequality states that the service cost at facility 1 must be large enough
to prevent all travelers located at x = 0 with desired time t ≥ T1 from choosing
facility 1. The same reasoning applies to the last inequality for those with t ≤ T0 .10
Both conditions are maintained hereafter.
Given density ρ(t) of desired departure times, aggregating the individual demands
over the geographical and time lines, the market demand at each facility is:
Z
D0 (p, T) =
0

24

x
e(t)ρ(t) dt = p1 − p0 +

1+h
+ Φ(T),
2

(4)

D1 (p, T) = 1 − D0 (p, T),
where p ≡ (p0 , p1 ) with pi = pbi /θ(1 − h), i = 0, 1 and T ≡ (T0 , T1 ). To simplify
expressions and without loss of generality, we generally divide the fares and the schedule
delay cost parameters by θ(1 − h) and “drop the hats.” Term Φ(T), defined as
Φ(T) = γ(T1 − T0 )m` + (βT0 + γT1 )mc − β(T1 − T0 )mr − (β + γ)t̄c

(5)

b
with β = β/θ(1
− h) and γ = γ
b/θ(1 − h), captures the (normalized) difference in schedule delay costs (SDC hereafter) at the market level and aggregates the individual SDC
RT
RT
differences between facility 1 and 0 through the shares m` = 0 0 ρ(t)dt, mc = T01 ρ(t)dt
R 24
RT
and mr = T1 ρ(t)dt, and through an average desired time t̄c = T01 tρ(t)dt.11 Clearly,
when Φ(T) is positive (negative), facility 0 (facility 1) and its carrier have a SDC advantage that makes facility 0 (facility 1) more attractive to travelers. When T0 = T1 = T ,
the SDC advantage is null, i.e., Φ(T, T ) = 0. As the SDC term will play a central role,
we now establish its properties for later use.
Lemma 1. Consider a travel service scheduled at time T0 (resp. T1 ) at facility 0 (resp.
facility 1) with T0 ≤ T1 . Let F(t) be the CDF of consumers’ desired departure times
10

See Appendix A.2 for the detailed derivation of the covered market condition.
As the uniform distribution is often used in Hotelling models as a tractable benchmark, an analytical expression for Φ(T) is given in (A.7) for t ∼ U[0, 24].
11
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with t ∈ [0, 24]. Then:
ΦT0 = β − (β + γ)m` ,

ΦT1 = γ − (β + γ)mr ,

ΦT0 ,T0 = −(β + γ)ρ(T0 ) < 0,

ΦT1 ,T1 = (β + γ)ρ(T1 ) > 0,

where ΦTi ≡ ∂Φ(T)/∂Ti and ΦTi ,Ti ≡ ∂ 2 Φ(T)/∂Ti 2 for i = 0, 1. Setting ΦTi greater
than 0 yields




β
β
−1
−1
, ΦT1 > 0 iff T1 > F
.
ΦT0 > 0 iff T0 < F
β+γ
β+γ
Proof. See Appendix A.3.
Hence, Φ(T) is concave in T0 and convex in T1 , and remains so when T0 ≥ T1 .12
Thus, the SDC advantage of facility 0 increases (decreases) in T0 when the service
scheduled by its carrier is below (above) the β/(β + γ)-th quantile of the distribution of consumers’ desired departure times.13 When facility 0’s SDC advantage increases, more travelers choose facility 0 and fewer depart from facility 1. Similarly,
the SDC disadvantage of facility 1 increases (decreases) in T1 when T1 is above (below) time F −1 [β/(β + γ)] and fewer (more) travelers select facility 1. If β < γ, time
F −1 [β/(β + γ)] is earlier than consumers’ median desired departure time and its exact
location on the 24-hour clock will further depend on the shape of F (t).
We now characterize the change in market demand with respect to fares, departure
times and the location advantage of facility 0. From (4), we deduce that demand at a
facility decreases in the fare of its carrier and increases in the fare of the carrier serving
the rival facility. Differentiating consumer demands with respect to Ti and h, we get:
∂D0 (p, T)
∂D1 (p, T)
∂D0 (p, T)
= ΦTi (T),
=−
for i = 0, 1,
∂Ti
∂Ti
∂Ti
1 p1 − p0 + Φ(T)
∂D1 (p, T)
∂D0 (p, T)
∂D0 (p, T)
= +
,
=−
.
∂h
2
(1 − h)
∂h
∂h

(6)

Demand’s sensitivity to changes in departure times follows from the discussion under
Lemma 1. From (6), we can deduce that consumers’ demand at facility 0 (facility 1)
increases with its location advantage if the inter-facility transportation cost is higher
12
13

See Appendix B.3.
When t is uniform on [0,24], then F −1 [β/(β + γ)] is given by 24β/(β + γ).
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(lower) than the difference in average service cost between facility 0 and 1.14 Having
characterized consumers’ choices, we turn to model the competition between carriers.

2.2

Carrier-rivalry game

We now focus on the time-then-fare game. Setting departure times before fares is
the most common behavior for carriers offering (air, rail, road, water) transportation
services to individuals.15 Moreover, fares are generally easier to adjust than departure
times. The two-stage decision process is solved backwards: we first maximize carrier
profits with respect to fares and then analyze carrier timing decisions.
2.2.1

The fare game

This section analyzes a carrier’s market when departure times are given to carriers.
Furthermore, we consider that carriers’ operating time-dependent costs are separable
from other costs and we set carriers’ fixed costs to zero. Then, the profit function of
each carrier is:
b i ),
π
bi (p, T, τ ) = (b
pi − b
ci − τbi )Di (p, T) − K(T

i = 0, 1,

(7)

where b
ci ≥ 0 is the marginal operating cost of the carrier serving facility i, τbi ≥ 0 is the
b i ) ≥ 0 is the operating total
per-passenger fee charged by facility i to its carrier and K(T
time cost incurred by carrier i if its aircraft departs at time Ti . Given the departure
times T and the fare of its rival, carriers simultaneously choose their fare to maximize
profit. Solving the system of first-order conditions (FOCs) ∂b
πi /∂ pbi = 0 for i = 0, 1
with respect to fares leads to:
2
p∗0 = (c0 + τ0 ) +
3
2
p∗1 = (c1 + τ1 ) +
3

1
3+h 1
(c1 + τ1 ) +
+ Φ(T),
3
6
3
1
3−h 1
(c0 + τ0 ) +
− Φ(T),
3
6
3

14

(8)

Moreover, a higher transportation cost parameter induces more demand at facility 0 and less at
the rival if the service cost of facility 1 is higher than that of facility 0. See (A.8) in the Appendix for
further details.
15
Typically, airlines will sign a (long-term) contract with an airport for the use of a gate or gates
that may be available at the time the airline needs gate space.
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ci and τbi divided by θ(1 − h). The
where p∗i , ci and τi for i = 0, 1 represent pb∗i , b
resulting vector of (normalized) equilibrium fares, denoted by p∗ ≡ (p∗0 , p∗1 ), represents a Nash equilibrium.16 The first two terms on the right-hand side (RHS) of
Eqs. (8) are the (normalized) marginal costs of each carrier plus the usual duopolistic markup/markdown, which is proportional to the marginal costs of the rival carrier departing the other facility. The third terms are a monopoly premium/penalty
stemming from the location advantage/disadvantage of the facility at which a carrier
operates. The last terms represent a markdown/markup related to the (normalized)
SDC (dis)advantage of the carrier.
The fare expressions (8) can be further rearranged to analyze differences in pricing
and markup between carriers. Focusing first on the difference in (normalized) fares,
setting p∗0 strictly larger than p∗1 and rearranging yields p∗0 > p∗1 iff
∆e
c < h + 2Φ(T),

(9)

where ∆e
c = (c1 +τ1 )−(c0 +τ0 ) represents the (normalized) marginal cost (dis)advantage
of airline 0 with respect to its rival when ∆e
c > 0 (∆e
c < 0). Assuming identical
departure times between facilities and no location advantage17 in (9), airline 0 charges
a higher fare than its rival if its marginal costs are higher (∆e
c < 0). In commercial
aviation, this is typically the case for a legacy carrier that competes with a carrier with
lower marginal costs that departs from another facility. Setting h > 0, the location
advantage of facility 0 allows its carrier to charge a higher fare than its rival, even if
it has lower marginal costs (∆e
c > 0). Hence, in equilibrium, a carrier benefiting from
the better location of its departure facility and with lower marginal costs than a rival
carrier serving the other facility will charge a higher fare, if its advantage in location is
large enough. The SDC term has a similar impact on fares as the location advantage
and can strengthen or reduce a geographical (dis)advantage. The following proposition
summarizes the above results:
Proposition 1. Consider carrier 0 (resp. 1) that competes in fares with fixed scheduled
16

The existence of the Nash equilibrium follows from the concavity in fares of the profit functions.
Its uniqueness and stability are easy to verify (by using Vives, 1999, pp. 47-52). Fares can also be
shown to be strategic complements in carrier decisions.
17
By “no location advantage,” we mean setting h = 0. Note that h = 0 implies maximum geographical differentiation between the facilities and their carriers, while T0 = T1 implies minimum schedule
differentiation.
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times T0 (resp. T1 ), with T0 ≤ T1 . There exists a unique Nash equilibrium in fares
given by (8). In equilibrium, carrier 0 charges a higher fare than its rival if (9) holds,
i.e., if its location and SDC advantages offset its marginal cost advantage.
To show that Proposition 1 holds when T0 ≥ T1 , insert demands (B.2) into the
profit functions (7) and apply the above derivation steps. The SDC difference Φ(T) in
the related expressions is replaced by its counterpart Φsym (T), given in Eq. (B.3).
Defining the (normalized) equilibrium markup of carrier i as m∗i = p∗i − (ci + τi ) for
i = 0, 1, setting m∗0 strictly larger than m∗1 and rearranging, yields m∗0 > m∗1 iff
h
∆e
c > − − Φ(T).
2

(10)

Assuming no location or SDC advantages, ∆e
c in (10) becomes positive, which means
that the markup of carrier 0 exceeds its rival’s markup if its marginal costs are lower.
Further setting h > 0, the location advantage of facility 0 allows its carrier to impose
a higher markup than its rival, even if its carrier has higher marginal costs (∆e
c < 0)
than its competitor. Therefore, the markup of a carrier serving a facility endowed with
a better location can be higher than that of the rival carrier with lower marginal costs
if its marginal cost disadvantage is not excessive. Considering the full expression (10),
the SDC advantage has a similar impact on carrier markups as the location advantage
and can either increase or reduce facility 0’s location advantage.
We now explore the impact of increases in Ti and in h on the equilibrium fares with
the following expressions:
1
∂p∗1
∂p∗
∂p∗0
= ΦTi (T),
= − 0 , i = 0, 1,
∂Ti
3
∂Ti
∂Ti
∗
∗
∂ pb0
θ(1 + h)
∂ pb1
θ(2 − h)
=−
< 0,
=−
< 0.
∂h
3
∂h
3

(11)
(12)

The sensitivity of the (normalized) fares to changes in departure times can be analyzed
in light of Lemma 1: p∗0 increases in T0 (resp. T1 ) if the service of the carrier serving
facility 0 (resp. facility 1) is scheduled earlier (resp. later) than the β/(β + γ)-th
quantile of the distribution of consumers’ desired departure times. The reasoning
for p∗1 is analogous. Next, notice that (12) are calculated on pb∗i and not on p∗i . As
h ∈ [0, 1[, the equilibrium fares are decreasing in h at both facilities. A shorter interfacility distance enhances the rivalry between the carriers and reduces the equilibrium
11

fares at both facilities.
Substituting the equilibrium fares p∗ into consumer demands (4), carriers’ marginal
costs become explicit in the equilibrium demands; that is:
1
c + 2Φ(T)],
D0∗ (T, τ ) = [3 + h + 2∆e
6

D1∗ (T, τ ) = 1 − D0∗ (T, τ ),

(13)

where D0∗ ∈]0, 1[ requires | 13 [h + 2∆e
c + 2Φ(T)]| < 1. As outlined in Basso and Zhang
(2007), in equilibrium, the marginal costs of a carrier have the same effects on demand
as those of fares: higher marginal costs for a carrier induce less equilibrium demand
at its facility and more demand at the rival facility. Dropping the location and SDC
advantage terms, and equalizing marginal costs across carriers, the market demand is
evenly shared across facilities. Greater demand at a facility goes hand-in-hand with a
larger markup for its carrier than its rival.18
With respect to the effect of a change in T0 and T1 on equilibrium demands, one
can readily see in (13) that ∂D0∗ (T, τ )/∂Ti and ∂D1∗ (T, τ )/∂Ti for i = 0, 1 lead to,
respectively, ∂p∗0 /∂Ti and ∂p∗1 /∂Ti in (11). Thus, departure times have exactly the
same impact on equilibrium demands as on equilibrium fares. Next, differentiating
the equilibrium demand at facility 0 with respect to h, setting the resulting expression
greater than 0 and rearranging, we obtain:19
∂D0∗ (T, τ )
>0
∂h

iff

θ
b
(1 − h)2 > −∆b
e
c − Φ(T),
2

(14)

b
where ∆b
e
c = θ(1 − h)∆e
c and Φ(T)
= θ(1 − h)Φ(T), and the reverse holds for ∂D1∗ /∂h.
Thus, if the carrier that benefits from a location advantage (carrier 0) is more comb
petitive in marginal and schedule delay costs than its rival (both ∆b
e
c and Φ(T)
> 0),
increasing h increases demand at its facility at the expense of its rival. If carrier 0
b
is less competitive in marginal and schedule delay costs (both ∆b
e
c and Φ(T)
< 0), increasing h increases demand at its facility if the inter-facility transportation cost is
greater than carrier 0’s marginal and schedule delay cost disadvantages. Taking the
perspective of the carrier serving the most remote facility, carrier 1 captures part of
its rival’s “backyard” when h increases if its marginal costs and SDC advantages fully
To see this, use (13), set D0∗ > D1∗ and rearrange to get (10).
Replacing the difference in carriers’ marginal costs by the difference in fares, (14) is identical to
∂D0 (p, T)/∂h in (A.8).
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12

compensate for the transportation cost from facility 0 to facility 1.
In equilibrium, the profits (7) can be written as:
πi∗ (T, τ ) = Di∗2 (T, τ ) − K(Ti ),

i = 0, 1,

(15)

b i )/θ(1 − h). As expected, the equilibrium
where πi∗ = π
bi /θ(1 − h) and K(Ti ) = K(T
profit of a carrier depends upon all determinants of the equilibrium demand at its
departure facility (in particular, the equilibrium fare, the fee and the departure time
at the other facility) minus a carrier’s own total operating time costs. Ignoring the
latter term for now and setting D0∗2 > D1∗2 , we can exploit a result obtained for the
equilibrium demands under (13): π0∗ > π1∗ if the markup of carrier 0 exceeds its rival’s
markup. Thus, a larger markup for a carrier implies a larger demand and profit than
its rival when carriers’ time costs are null. The following proposition summarizes these
results:
Proposition 2. Consider carrier 0 (resp. 1) departing its facility at time T0 (resp. T1 ),
with T0 ≤ T1 and let K(T0 ) = K(T1 ) = 0. In equilibrium, the markup fare of carrier 0,
its demand and profit are higher than its rival’s if (10) holds, i.e., if its marginal cost
disadvantage does not offset its location and SDC advantages.
Again, to prove that Proposition 2 holds when T0 ≥ T1 , use the symmetric demands (B.2) in the profit functions (7) and follow the same derivation steps. The SDC
difference Φ(T) is replaced by its counterpart Φsym (T) given in (B.3).
Turning to the comparative statics of profits with respect to Ti and h, we get:
2
∂K(Ti )
∂πi∗ (T, τ )
= ΦTj Di∗ (T, τ ) −
, for i, j = 0, 1 and for i 6= j,
∂Tj
3
∂Ti


∂b
π0∗ (T, τ )
θ
(1 + 3h)
=
+ ∆e
c + Φ(T) D0∗ (T, τ ),
−
∂h
3
2


∂b
π1∗ (T, τ )
θ 3h − 5
=
− ∆e
c − Φ(T) D1∗ (T, τ ).
∂h
3
2

(16)

(17)

With respect to the impact of a change in departure times on carrier profits in (16),

ignoring ∂K(Ti )/∂Ti , we notice that sgn (∂πi∗ /∂Tj ) = sgn ΦTj . Hence, Lemma 1
applies again. The effect of a change in the location of facility 0 on carrier profits is
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explored through the “competition” and “demand” effects.20 Whether an increase in
demand at one facility offsets the decrease in the fare of its carrier when h increases
depends on the relative (dis)advantages identified above. Fig. 2 summarizes the net
effect of a RHS move of h on carrier profits along the ∆e
c line.
Figure 2: Effect of a positive change in h on πi∗
b1∗
↓π
b0∗ , ↑ π
3h−5
2

b1∗
↓π
b0∗ , ↓ π

b1∗
↑π
b0∗ , ↓ π
1+3h
2

− Φ(T)

− Φ(T)

∆e
c

Having analyzed the fare game for given departure times, we proceed to consider
the time game for a simultaneous choice of departure times.
2.2.2

The time game

Scheduling a transport service at the most appropriate time of day is a central element of a carrier’s planning. A large number of operating research professionals have
been developing methods to optimize airline schedules since the 1950s. Etschmaier
and Mathaisel (1985) describe the general procedure solved in mathematical programming as follows: given (i) a set of demand functions and associated revenues for every
passenger origin-destination pair over the time of day (and the day of week of the
planning cycle), (ii) route characteristics (distance, times and operating restrictions),
(iii) aircraft characteristics and operating costs, and (iv) operating and managerial
constraints; find a set of flights with associated assignments of aircraft and times of
departure and arrival that maximize profits. In daily operations, optimized schedules
are rarely executed as planned due to unexpected disruptions to the transport service (e.g. from weather conditions or unscheduled maintenance) or due to congestion
caused by other flights at the departure or arrival airport, which propagate through
the network during the day. Scheduling a transport service at a specific time of day
may be more or less costly in terms of logistics, and may depend on a carrier’s business
model.21
∗

∗

∗

∂b
π
∂p
b
∂D
The competition and demand effects related to h are given by ∂hi = Di∗ ∂hi + (b
p∗i − b
e
ci ) ∂hi .
21
Compared to traditional legacy carriers, low-cost carriers’ operations are often characterized by
the use of smaller aircraft; a more intensive daily use of their fleet with less idle time; and aircrafts
and crew returned to a base airport, which reduces maintenance and accommodation costs (see IATA
20
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We assume that carriers can decompose their total operating time costs K(Ti ) additively into a fixed component and a cost that varies along the time-of-day dimension
over all feasible service times Ti ∈ [T , T ] at their departure facility. We posit that
the time-varying cost is either null or linearly increasing (or decreasing) in Ti . Thus,
carriers’ total operating time costs are given by:
K(T0 ) = K0 + k0 T0 ,

with K0 ≥ 0,

k0 6= 0,

T0 ∈ [T , T ],

K(T1 ) = K1 + k1 T1 ,

with K1 ≥ 0,

k1 6= 0,

T1 ∈ [T , T ],

(18)

b i )/θ(1 − h). Notice that a positive marginal time cost for a carrier
where K(Ti ) = K(T
favors a departure time closer to the opening hour of its facility, while a negative one
favors a service scheduled closer to the closing hour. In what follows, we assume that
facilities operate 24 hours a day (i.e., T and T are not binding). Given the endogenous
fares (8), we can focus on maximizing profits (15) with respect to Ti . Combining (16)
with (18) and assuming for now the existence of interior and unique solutions on [0, 24],
setting ∂πi∗ /∂Ti = 0 for i = 0, 1 yields the following first-order conditions (FOCs):
∂π0∗ (T, τ )
2
= [β − (β + γ)m` ] D0∗ (T, τ ) − k0 = 0,
∂T0
3
∗
2
∂π1 (T, τ )
= − [γ − (β + γ)mr ] D1∗ (T, τ ) − k1 = 0,
∂T1
3

(19)

and, by rearranging these expressions, we can characterize the candidate departure
times by the following implicit functions:
F (Ti ) =

β
3ki
−
,
β + γ 2(β + γ)Di∗ (T, τ )

i = 0, 1,

(20)

where F (T0 ) ≡ m` , F (T1 ) ≡ 1 − mr and ki = ∂K(Ti )/∂Ti denotes carrier i’s (normalized) marginal time cost. The second-order conditions (SOCs) that need to be satisfied
are:
∂π0∗2 (T, τ )
2
2
= − (β + γ)ρ(T0 )D0∗ (T, τ ) + [β − (β + γ) m` ]2 < 0,
2
∂T0
3
9
(21)
∗2
2
2
∂π1 (T, τ )
∗
2
= − (β + γ)ρ(T1 )D1 (T, τ ) + [γ − (β + γ) mr ] < 0.
∂T12
3
9
(2005), Gross and Schröder (2007) or Bley and Buermann (2007, pp.59-62) for a discussion on the
strategic use of schedules by low-cost airlines to reduce their operating costs).

15

Consider first the case where carriers’ total time costs are constant throughout the
time of day (ki = 0 for i = 0, 1). FOCs (20) lead to the best timing response functions
of each carrier to their rival’s schedule, and solving these yields:
β
F (T0 ) = F (T1 ) =
⇒ T ∗ |k0 =k1 =0 = F −1
β+γ



β
β+γ


.

(22)

Clearly, the response functions in (22) are identical across carriers and depend only
on consumers’ unit SDCs and on the CDF F (t). As the equilibrium departure time
of a carrier does not depend on the schedule of its rival, each carrier has a dominant
strategy that represents a unique and interior Nash equilibrium. Carrier 0 schedules
its service to maximize its SDC advantage, while carrier 1 set its departure time to
minimize its SDC disadvantage. Moreover, the last RHS terms in the SOCs (21) are
null when the FOCs are satisfied and the parameter restrictions below (13) become
c]| < 1. When these restrictions hold and given that
D0∗ (T∗ , τ ) ∈ ]0, 1[ if | 13 [h + 2∆e
ρ(Ti ), β and γ are positive, this solution maximizes carrier profits.
We now consider the case where carriers’ total time costs vary with the time of day
(ki 6= 0 for i = 0, 1). Assuming that the solution of system (20) — a system of two
nonlinear functions in Ti — yields a unique intersection at coordinate T∗ = (T0∗ , T1∗ ) ∈
[0, 24]2 with Ti∗ ≡ Ti∗ (τ , ki ), we need to ensure that this equilibrium maximizes carrier
profits. Using the SOCs (21), the last terms on the RHS no longer vanish at the
stationary points and profit maximization requires bounded marginal time costs such
that:
4
ki2 < ρ(Ti∗ )(β + γ)Di∗3 (T∗ , τ ), i = 0, 1,
(23)
3
where ki enters both sides of the inequality. In what follows, we posit that ki satisfies (23) and yields a unique and interior Nash equilibrium.22
Given that F (t) is strictly increasing in its argument, we can use (20) to characterize
all possible schedules across carriers in equilibrium with respect to T ∗ |k0 =k1 =0 . By
22

When ki 6= 0 for i = 0, 1, the existence, uniqueness and stability of the Nash equilibrium in
departure times on [0, 24]2 must be investigated numerically. Assuming that this equilibrium exists
and is unique, and setting 0 < F (Ti∗ ) < 1 for i = 0, 1, we can derive bounds around ki conditional upon
D0∗ (T∗ , τ ) ∈ ]0, 1[ and on D0∗ (T∗ , τ ). These bounds are available upon request. In Appendix A.4, we
derive explicit bounds for ki as well as existence conditions for interior solutions in departure times
when ρ(t) = U[0, 24].
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applying the implicit function theorem to (20), we can show that the equilibrium
departure times Ti∗ for i = 0, 1 are decreasing in ki when (23) holds.23 Next, we deduce
from (20) that a carrier schedules its service earlier (resp. later) than T ∗ |k0 =k1 =0 when
its marginal time cost is positive (resp. negative), and even earlier (resp. later) when
its marginal time cost is large (resp. large in absolute value) or its equilibrium demand
at its departure facility is low. Setting F (T0∗ ) = F (T1∗ ), we can further characterize
the principle of minimum differentiation in departure times. When the marginal time
cost-demand ratio is equal for both carriers, i.e., when k0 /D0∗ (T∗ , τ ) = k1 /D1∗ (T∗ , τ ),
the carriers schedule their service at the same time, earlier than T ∗ |k0 =k1 =0 when
k0 , k1 > 0 and later than T ∗ |k0 ,k1 =0 when k0 , k1 < 0. This situation could arise across
rival carriers evenly sharing the market and facing the same marginal time cost (k0 =
k1 6= 0). Aside from the case where carriers’ marginal time cost is exactly proportional
to their equilibrium demand, we can infer from (20) that the existence of operating
costs that vary with the time of day implies distinct service times in equilibrium.24 The
shape of F (t) exerts an additional agglomeration/deglomeration force driving service
time locations closer to/farther away from T ∗ |k0 =k1 =0 on the time line. When the
configuration of marginal time costs induces T0∗ ≥ T1∗ , carrier 0 schedules its service
later than carrier 1 and the time game is solved by using the expressions provided in
Appendix B.4. Appendix C numerically explores the stability of the departure time
equilibria for all combinations of positive, negative and null marginal time costs across
carriers when F (t) is uniform. The following proposition summarizes our findings in
the time game:
Proposition 3. Consider two competing carriers (i = 0, 1), which simultaneously set
a single departure time Ti ∈ [0, 24] prior to setting fares. Let carriers’ total operating
time costs be given by K(Ti ) = Ki + ki Ti for i = 0, 1. Then:
1. If k0 = k1 = 0, both carriers schedule their service at the β/(β +γ)-th quantile of the
distribution of consumers’ desired times. As these optimal departure times are strictly
dominant strategies for both carriers, the Nash equilibrium is unique and interior.
2. When carriers’ total operating time costs vary throughout the day, if a unique Nash
equilibrium in departure times (denoted T∗ ) exists, carriers schedule their service at
the same time if k0 /k1 = D0∗ (T∗ , τ )/D1∗ (T∗ , τ ), and at different times otherwise.
23
24

That is, dTi∗ /dki < 0 for i = 0, 1. See Appendix A.5.
See Appendix A.6 for the detailed derivation.
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To prove that Proposition 3 holds when T0 ≥ T1 , use the equilibrium demands (B.5)
in the profit functions (15) and follow the same derivation steps (see Appendix B.4).
The main takeaway of the time game for a two-airport region is that schedule
differentiation is observed in equilibrium when competition occurs across airports that
differ both in terms of demand and operating cost conditions for the airlines. Schedule
clustering occurs when they are symmetric. Several factors favor departure times that
are early in the day or late at night in equilibrium. On the demand side, we can
identify a strongly asymmetric SDC function and a large mass of consumers preferring
early or late departures. When ki 6= 0, any structural parameter penalizing demand
at a facility favors early or late scheduling of flights depending on the sign of ki . On
the supply side, we can mention a large marginal time cost (in absolute value) for a
carrier.
Inserting the equilibrium service times T∗ into demands (13) and profits (15) yields:
i
1h
3 + h + 2∆e
c + 2Φ(T∗ ) , D1∗ (T∗ , τ ) = 1 − D0∗ (T∗ , τ ),
6
∗
∗
πi (T , τ ) = Di (T∗ , τ )2 − K(Ti∗ ), i = 0, 1.

D0∗ (T∗ , τ ) =

Having characterized the carriers’ market, we turn to the facility-rivalry game.

2.3

Facility-rivalry game

Consider two facilities, with fixed capacity, that compete with each other over perpassenger fees charged to their carrier. Assume that the facilities derive a per-passenger
commercial (or non-aeronautical) revenue from airport concessions. Without loss of
generality, we set their marginal operating cost at 0 and denote their fixed costs by
Fbi ≥ 0 for i = 0, 1. Thus, the facility maximization problem reads:
b i (T, τb ) = (b
max Π
τi + ω
bi )Di∗ (T, τ ) − Fbi ,
τbi

i = 0, 1,

(24)

where τbi ≥ 0 denotes the per-passenger fee at facility i and ω
bi ≥ 0 is the per-passenger
commercial revenue. In the last resolution stage of the game, facilities take carrier fares
and departure times T as given. Departure times can either be given to carriers (as in
Section 2.2.1) or optimally chosen (as in Section 2.2.2). In the latter case, when the
18

time costs of a carrier vary with the time of day (ki 6= 0), its equilibrium departure time
in (20) is an implicit expression that depends on the (normalized) fees τ . Solving (24)
analytically is not tractable. However, in all other cases, maximizing facility profits
is straightforward and follows the same resolution steps as the carriers’ fare game. If
the facilities simultaneously choose their fees to maximize profits, solving the system
of FOCs with respect to the fees yields:
9+h 1
1
[(c1 − c0 ) − (2ω0 + ω1 )] +
+ Φ(T),
3
6
3
1
9−h 1
∗
τ1 = [(c0 − c1 ) − (ω0 + 2ω1 )] +
− Φ(T),
3
6
3
τ0∗ =

(25)

bi divided by θ(1 − h), and τ ∗ ≡ (τ0∗ , τ1∗ ) represents a Nash
where τi∗ and ωi are τbi∗ and ω
equilibrium in fees. The optimal fee of a facility is decreasing in the marginal operating
cost of its carrier and increasing in that of the carrier serving its rival. This result,
identical to Basso and Zhang (2007), also stresses that a facility captures a fraction
(1/3) of its carrier’s operating cost advantage. Next, higher per-passenger revenue
at one facility induces a lower fee at both facilities.25 Notice that, in equilibrium, a
facility shares part (2/3) of its own per-passenger commercial revenue with its carrier
and pushes the rival to reduce its fee by an amount that is proportional to its own
per-passenger revenue (1/3). The h term is the monopoly premium/penalty related
to the location advantage/disadvantage of the facility and Φ(T) captures the SDC
(dis)advantage due to potential differences in service times across carriers. Moreover,
the facility fees capture the same share of the marginal operating and SDC advantages
from the carriers.
Substituting the equilibrium fees (25) into demands (13) yields:
1
[9 + h + 2(c1 − c0 ) + 2(ω0 − ω1 ) + 2Φ(T)],
18
D1f,∗ (T) = 1 − D0f,∗ (T).

D0f,∗ (T) =

(26)

The equilibrium demand for a facility decreases in the marginal operating cost of
its carrier and in the per-passenger commercial revenue of its rival; and increases in
25

Substituting the optimal fees (25) into the equilibrium fares (8), we can establish how perpassenger commercial revenues affect the equilibrium fares and carrier profits. Further replacing
these fares in the covered market condition (3) allows us to express the latter condition in terms of
the exogenous parameters of the model. See Appendix A.7.
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the marginal operating cost of the carrier serving its rival, in its own per-passenger
commercial revenue and in the SDC advantage of its carrier. Note that while perpassenger commercial revenues help to keep the equilibrium fees low at both facilities,
a per-passenger commercial revenue advantage allows a facility to increase its demand
at the expense of its rival.
With the above equilibrium fees and demands at hand, we obtain the facility profits
in equilibrium given by:
Π∗i (T) = 3Di∗2 (T) − Fi ,

i = 0, 1.

(27)

Similar to the carrier market analysis, the differences in fees, demands and profits
between facility 0 and 1 can be analyzed as follows:
∆ω
h
,
iff ∆c > − − Φ(T) +
2
2
h
D0f,∗ (T) > D1f,∗ (T) iff ∆c > − − Φ(T) − ∆ω,
2
h
3
Π∗0 (T) > Π∗1 (T) iff ∆c > − − Φ(T) − ∆F − ∆ω,
2
2
τ0∗ > τ1∗

(28)

where ∆c = c1 − c0 , ∆ω = ω0 − ω1 , ∆F = F1 − F0 with Fi = Fbi /θ(1 − h). These
delta terms represent (normalized) costs or commercial revenue advantages for facility 0/1 when they are positive/negative while Φ(T) captures the usual (normalized)
SDC advantage. Setting h = Φ(T) = ∆ω = ∆F = 0 in (28), in equilibrium, facility 0 charges a higher fee and receives greater demand and profit than its rival when
the marginal operating cost of its carrier is lower than that of the carrier serving
the rival facility. If facility 0 has a location (or a SDC or a fixed-cost) advantage,
it can charge a higher fee than its rival and receive greater demand and profit even
if the marginal operating cost of its carrier is larger than that of the carrier serving the rival. This happens when the marginal operating cost disadvantage of its
carrier is not below − h2 (or below −Φ(T) or below − 32 ∆F , respectively). By setting
h = Φ(T) = ∆F = 0 in (28), we can focus on the effect of the per-passenger commercial revenue advantage on the differences in fees, demands and profits across facilities.
We deduce that a facility charges a higher fee than its rival if the marginal operating
cost advantage of its carrier with respect to the carrier serving the rival outweighs half
20

of its per-passenger commercial revenue advantage; a facility faces a larger demand
and receives a larger profit than its rival if the marginal operating cost disadvantage
of its carrier with respect to the carrier serving the rival offsets its per-passenger commercial revenue advantage. The following proposition summarizes the results of the
facility-rivalry subgame:
Proposition 4. Consider two facilities that compete in fees charged to their carrier
characterized by constant total operating time costs throughout the day. Further assume
that the carriers schedule their service such that T0 ≤ T1 . Then, (1) there exists a
unique Nash equilibrium in fees given by (25), and (2) in equilibrium, demands and
profits are given by (26) and (27), respectively. Facility 0 charges a higher fee, faces
greater demand and receives a larger profit than its rival if all inequalities in (28) hold.
To prove that Proposition 4 also holds when T0 ≥ T1 , use the equilibrium demands (B.5)
in the profit functions (24) and follow the same steps. The SDC difference Φ(T) in the
related expressions will be replaced by its counterpart Φsym (T) given in Eq. (B.3).
Having characterized the duopolistic outcome of the three-stage game, we now
explore the optimal departure times from a social planner’s perspective.

3

Schedule regulation and welfare

We consider an aviation authority that controls flight departure times in a two-airport
system with given airport locations, so as to maximize social welfare.26 Since consumers’ utility is quasilinear, their surplus is a money-metric measure entering social
welfare, as are carrier and facility profits. The timing of this regulated, three-stage
game is as follows: (i) the aviation authority first determines the socially optimal departure time of the flight at each facility, given airport locations; (ii) airport authorities
(or facilities) simultaneously choose the profit-maximizing fees charged to carriers; and
26

Civil aviation authorities have been concerned with schedule variety at airports in regulated
aviation markets. As an example, Salvanes et al. (2005, pp.197-198) point out that, prior to the
deregulation of 1994, the Civil Aviation Authority of Norway did not permit flights to depart at almost
the same time. According to these authors, “The obvious argument was that a spread of flights would
increase the consumers’ freedom of choice concerning departure time and thereby increase welfare.”
Thus, this section focuses on a second-best welfare analysis where the departure times are the only
policy variables. An alternative first-best social optimum, which we do not consider here, would allow
the social planner to choose both the location(s) of the central (or of the two) airport(s) and carriers’
departure times in the initial stage(s) of the game.
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(iii) carriers simultaneously set their profit-maximizing fare. The resulting regulated
equilibrium represents a second-best social optimum in which any payments between
economic agents are transfers, which do not alter aggregate welfare. Since Eqs. (8) and
(25) of Section 2 can be readily used as the solutions for the last two stages, the social
welfare maximization problem reduces to:
c (T) = CS(T)
c
b
max W
+π
b(T) + Π(T),
T0 ,T1

(29)

c (T) is aggregate social welfare, CS(T)
c
where W
represents consumers’ aggregate surb
plus, π
b(T) denotes carriers’ aggregate profit (or surplus), and Π(T)
is facilities’ aggregate profit. The “hat” notation indicates that all welfare components are expressed
in unscaled monetary units. When the market is covered, i.e., when (A.23) holds, the
aggregate consumer and firm surpluses are:
#
Z 1
θ
θ
b 0 , t)]dx + [U
b − pb1 − d2 − C(T
b 1 , t)]dx ρ(t)dt,
b − pb0 − d2 − C(T
d
[U
CS(T)
=
2 0
2 1
x
e(t)
0
0
#
Z 24 "Z xe(t)
b0 − b
[b
p0 − (b
c0 + τb0 )]dx ρ(t)dt − K
k0 T0 +
(30)
π
b(T) =
Z

24

"Z

24

"Z

0

0

Z

24

"Z

b
Π(T)
=
0

0

#

1

[b
p1
x
e(t)

0

Z

x
e(t)

x
e(t)

b1 − b
k1 T1 ,
− (b
c1 + τb1 )]dx ρ(t)dt − K

[b
τ0 + ω
b0 ]dx +

Z

#

1

[b
τ1
x
e(t)

+ω
b1 ]dx ρ(t)dt.

c
Consumer surplus, CS(T)
is the sum of travelers’ surpluses aggregated over the
geographical dimension and time preference segments [0, T0 ], ]T0 , T1 [ and [T1 , 24] when
T0 ≤ T1 ; and [0, T1 ], ]T1 , T0 [ and [T0 , 24] when T0 ≥ T1 . Carrier and facility profits are
aggregated in the same way. When T0 ≤ T1 , assuming that t is uniformly distributed
over the [0, 24] time line for analytical tractability, we obtain a social welfare function
c (T) that is a fifth-degree polynomial in T0 and T1 with high-order interaction terms.
W
The case where T0 ≥ T1 yields a symmetric polynomial. Both functions can be used to
solve (29) numerically over the entire time domain T ∈ [0; 24]2 for suitable parameter
values.27
27

Parameter values satisfying the conditions on existence derived in Appendix A.4 are natural
candidates to find welfare-maximizing schedules in the T ∈ [0, 24]2 domain. The analytics of (29) are
cumbersome. We refrain from a lengthy algebraic analysis and proceed with a numerical analysis.
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b = 1000, h = 0, βb = γ
Consider a fully symmetric (and covered) market where U
b = 7,
b i = Fbi = 0 for i = 0, 1 (see Section 4 for
θ/2 = 130, b
ci = 8, ω
bi = 18, b
ki = 0 and K
a justification on these parameter choices). The FOCs of (29) with respect to T for
T0 ≤ T1 and for T0 ≥ T1 lead to two systems of two nonlinear functions in T0 and T1 .
Solving these yields three interior candidate pairs of departure times, two of which are
symmetric maxima and one is a saddle point.28 Thus, in this regulated market, the
aviation authority can choose between two socially optimal pairs of departure times,
(T0S = 9.29, T1S = 14.71) and (T0sym,S = 14.71, T1sym,S = 9.29), which provide the same
level of aggregate welfare. This contrasts with the market equilibrium, which by (22)
and (B.6) induces the carriers to strategically set their profit-maximizing departure
times such that T0∗ = T1∗ = T ∗ = T ∗,sym = 12, offering no schedule variety to travelers.
Travelers’ departure time preferences being heterogeneous, this lack of schedule variety imposes higher SDCs on travelers, and also generates mobility costs across airports
that affect travelers’ welfare. Unlike the market equilibrium, the aviation authority
internalizes effects on consumer welfare when choosing the socially optimal schedule.
In this regulated market, increasing schedule differentiation relative to the market
equilibrium offsets the induced mobility costs of travelers, and increases social welfare.
In what follows, we provide a comparative static analysis around the fully symmetric
equilibrium. We examine parameter ranges over which the market is covered, namely
bγ
h ∈ [0, 0.3], θ ∈ [200, 336], β,
b ∈ [4, 10], and b
k0 , −b
k1 ∈ [0, 1].29 Again, solving the FOCs
of (29) for T0 ≤ T1 and for T0 ≥ T1 leads to three interior candidate pairs of departure
times for all parameter values in the ranges under scrutiny, two of which are symmetric
maxima and one is a saddle point.30 Fig. 3 shows these equilibria for T0 ≤ T1 . All
panels indicate that duopolistic competition (represented by dashed lines) provides less
schedule variety than the social optimum (represented by solid lines). The top panels
show that a more central location of facility 0 (higher h) requires greater schedule
variety at the social optimum, whereas a larger unit transportation cost θ leads to less
28

Fig. A.1 in Appendix A.8 provides a graphical representation of these candidate points.
The impacts of changes in carriers’ operating costs (b
c0 and b
c1 ) and facilities’ per-passenger commercial revenues (b
ω0 and ω
b1 ) on the departure time equilibria are not shown as they are numerically
small and less interesting in this market configuration.
30
For all socially optimal departure times, we verified that the second-order conditions for a maximum are met, and that no corner solutions dominate the interior ones.
29
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bγ
Figure 3: Socially optimal departure times for changes in h, θ, β,
b, b
k0 and −b
k1
T0 ,T1

T0 ,T1

20

20
T1 S

15

T1 S

15
T0 * =T1 *

T0 * =T1 *

10

10
T0 S

5
0
0.00

0.05

0.10

0.15

0.20

0.25

T0 S

5

h
0.30

0
200

T0 ,T1

220

240

260

280

300

θ

320

T0 ,T1

20

20
T1 S

15

T0 * =T1 *

15

T1 S

10

T0 S

10

T0 * =T1 *

5
0

T0 S

5

4

5

6

7

8

9

10


β

0

4

T0 ,T1

T0 ,T1

20

20
T1 S

15

5

6

7

8

9

10

γ

T1 S
T1 *

15

T1 *

T0 *

10

10

0
0.0

T0 S

T0 *
T0 S

5

0.2

0.4

0.6

0.8

1.0

5

k
0

0
0.0

0.2

0.4

0.6

0.8

1.0

-k1

Note: The analysis assumes that t ∼ U[0, 24] and that the benchmark parameters are
b = 1000, h = 0, βb = γ
b i = Fbi = 0 for
U
b = 7, θ/2 = 130, b
ci = 8, ω
bi = 18, b
ki = 0 and K
i = 0, 1. The covered market condition (A.23) holds at all equilibrium points shown in the
figure.

socially optimal schedule differentiation.31 Thus, closer airports or lower transportation
costs faced by the travelers leads the aviation authority to differentiate departure
times more, and better account for consumers’ heterogeneous departure preferences.
31

Note that the socially optimal departure times in the top-right panel of Fig. 3 are symmetric
along θ. For this panel, we can show that the interior solution for T0 ≤ T1 is given by T1S = 24 − T0S ,
b As T S = 12 when θ = 336 and
b
with T0S = θ/(4β).
Thus, T0S = T1S = T S when θ = 48β.
βb = γ
b = 7, the socially optimal schedule coincides with that of the market equilibrium. Furtherb This implies
more, the socially optimal schedule differentiation is ∆T S = T1S − T0S = 24 − θ/(2β).
S
S
2
b
b
b
b
that ∂∆T /∂θ = −1/(2β) and ∂∆T /∂ β = θ/(2β ). Thus, a higher β reduces the impact of θ on
∆T S , while a higher θ increases the impact of βb on ∆T S .
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Furthermore, we observe that T1S is delayed when βb increases, while the reverse holds
for T0S when γ
b increases. For βb = γ
b varying over the [4.5, 10] range, it can be shown that
the socially optimal level of schedule variety varies symmetrically (see, for example,
footnote 31). This implies that symmetric SDCs generally (but not necessarily) result
in schedule differentiation at the regulated equilibrium. These results confirm that
higher unit SDCs require more schedule differentiation from the aviation authority, and
asymmetric schedules across airports when βb 6= γ
b. Notice on the top-right and central
panels that there exist parameter values for which the market equilibrium coincides
with the regulated schedules (Ti∗ = TiS for i = 0, 1; again, see footnote 31). This occurs
when the aggregate gains to travelers from schedule differentiation exactly offset the
induced mobility costs to reach the departure airports. Finally, in the lower panels of
Fig. 3, we can observe that a larger marginal time cost for carrier 0 induces an earlier
socially optimal departure of its flight, while a lower (and negative) marginal time
cost for carrier 1 implies a later socially optimal departure of its flight. Thus, when
rival airlines differ in their marginal time costs, duopolistic schedules are generally
diversified (recall Proposition 3) but unlikely to be socially optimal.
Although these results are specific to the chosen parameters, markets with multiple
asymmetries (in travelers’ and firms’ time costs, in carriers’ operating marginal costs
and/or in facilities’ per-passenger commercial revenues) yield similar socially optimal
departure time patterns. In these asymmetric configurations, however, when two pairs
of candidate departure times exist at the social optimum, one of them generally induces
greater social welfare and thus becomes the unique socially optimal schedule.32
We now examine how the duopoly equilibrium and the social optimum compare in
terms of social welfare for a two-airport system where there are asymmetries in carriers’
marginal operating costs, airports’ per-passenger commercial revenues and travelers’
unit SDCs.

4

Numerical analysis

In this section, we solve the three-stage game for given parameter values by assuming
null marginal time costs for the carriers (i.e., b
k0 = b
k1 = 0). Under this assumption, a
unique Nash equilibrium is guaranteed in each subgame and the solutions follow from
32

Section 4 and the bottom panel in Fig. A.1 of Appendix A.8 illustrate this situation.
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the closed-form expressions given in Section 2. We can thus focus on the effects of
the location and SDC advantages on the market equilibrium without focusing on the
reasons for the differences in departure times.33 In this section, we again use the “hat”
notation and express cost parameters, fares, fees and profits in unscaled monetary
units. We posit that t ∼ U[0, 24], h = {0, 0.25}, βb = 5 and γ
b = 7,34 θ/2 = 130,
b
c0 = 10, b
c1 = 8, ω
b0 = 20 and ω
b1 = 18. Without loss of generality, we set all fixed
b i = Fbi = 0 for i = 0, 1). These assumptions are representative of
costs to zero (K
typical two-airport systems in which the airports differ in their location, the commercial
revenues received from travelers and the competitiveness of their carrier. We posit
that a legacy carrier (carrier 0) endowed with higher marginal operating costs operates
from a primary facility (facility 0) endowed with a higher per-passenger commercial
revenue and competes with a lower-marginal-cost carrier (carrier 1) that operates from
a secondary facility (facility 1). We compare the welfare of the duopoly equilibrium
with that of the social optimum.

Table 1: Market and regulated equilibria with null marginal costs
T0∗ = T1∗ = 10
h=0
b =0
Φ

T0∗ = T1∗ = 10
h = 0.25
b =0
Φ

T0 = 7 ; T1∗ = 10
h = 0.25
b = −2.25
Φ

T0 = 0 ; T1∗ = 10
h = 0.25
b = −25
Φ

T0S = 6.7 ; T1S = 14.2
h = 0.25
b = 1.6
Φ

Facilities
(b
τ0∗ ; τb1∗ )
(370, 372)
(280.6, 266.4)
(279.9, 267.1)
(272.3, 274.7)
(281.2, 265.8)
b ∗, Π
b ∗)
(Π
(195, 195)
(154.5, 138.2)
(153.7, 139.0)
(146.0, 146.5)
(155.0, 137.7)
0
1
Carriers
(b
p∗0 , pb∗1 )
(510, 510)
(390.8, 369.2)
(389.8, 370.2)
(379.7, 380.3)
(391.5, 368.5)
(65, 65)
(51.5, 46.1)
(51.2, 46.3)
(48.7, 48.8)
(51.7, 45.9)
b1∗ )
(b
π0∗ , π
Consumers
(D0∗ ; D1∗ )
(0.5, 0.5)
(0.514, 0.486)
(0.513, 0.487)
(0.499, 0.501)
(0.515, 0.485)
Welfare
Duopoly
964.167
968.549
968.058
959.28
−
Social optimum
964.171
969.053
Note: All simulations assume t ∼ U [0, 24], βb = 5, γ
b = 7, θ/2 = 130, b
c0 = 10, b
c1 = 8, ω
b0 = 20, ω
b1 = 18, b
k0 = b
k1 = 0,
b
b
Ki = Fi = 0 for i = 0, 1.

Table 1 shows the market equilibria for different levels of schedule variety. By
Proposition 3.1, duopolistic competition results in carriers scheduling identical 10 a.m.
b βb + γ
departure times (at the quantile β/(
b) = 5/(5 + 7) = 41.6̄% of the U[0, 24] distri33
Appendix C provides a detailed numerical analysis of several time games where the operating
costs of the carriers vary throughout the day.
34
These unit SDC values are slightly lower than those used in Van der Weijde et al. (2014), but
closer to the willingness to pay found by Brey and Walker (2011) for air travelers.
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bution: T0∗ = T1∗ = 41.6̄% × 24 = 10), which is a dominant strategy for both carriers.
When we combine maximum spatial differentiation between airports with minimum
differentiation in departure times in the first column of results in Table 1 (Column 1),
we notice that the level of welfare from the duopoly is almost socially optimal.35 Column 1 further illustrates how the markups identified in Section 2 affect the market
equilibrium: the interplay between airlines’ marginal costs and airports’ commercial
revenues lead to equal equilibrium fares for travelers and equal demands and profits
for firms but differing equilibrium fees charged to airlines.36
Columns 2 to 5 emphasize the role played by the location and SDC advantages in
softening the increase in competition that results from a closer proximity between the
two airports. As compared to Column 1, closer airports imply lower equilibrium prices
and profits. This result stresses that the competition effect dominates the demand
effect when airport 0 is more centrally located and Fig. 2 explains why this occurs.37
Note, however, that prices and profits drop more at the secondary airport in Column 2
than in Column 1 due to the location advantage of the central airport (about -28% for
b 1, π
b 0, π
(b
τ1 , pb1 ) versus -24% for (b
τ0 , pb0 ), and -30% for (Π
b1 ) versus -21% for (Π
b0 )), while
the reverse holds in Column 4 due to the SDC advantage at airport 1 that offsets the
location advantage of airport 0 (about -25% for (b
τ1 , pb1 ) versus -26% for (b
τ0 , pb0 ), and
b 1, π
b 0, π
-25% for (Π
b1 ) versus -26% for (Π
b0 )). In addition, when comparing Columns 3
and 4 with Column 2, we notice that schedule differentiation — with only one airline’s
flight departing at the market equilibrium time — does not necessarily yield greater
welfare as compared to the minimum schedule differentiation solution of the duopoly
in Column 2. Thus, when the duopolistic market leads to minimum differentiation in
departure times, forcing one airline to schedule its flight earlier (or later) than its profitmaximizing departure time to provide more “freedom of choice concerning departure
time” to consumers (as suggested in footnote 26) does not guarantee an increase in
Two pairs of socially optimal departure times are possible in Column 1: (T0S = 9.17, T1S = 10.85)
and the symmetric solution (T0S = 10.85, T1S = 9.17). Both yield the same social welfare. This
result indicates that maximum distance between facilities results in little socially optimal schedule
differentiation.
36
Propositions 1, 2 and 4.2 are easy to verify for Column 1. By way of example, note that ∆b
c=
b∗ = Π
b ∗ and τb∗ < τb∗ , which hold in
−∆b
ω < −∆b
ω /2. Proposition 4.2 implies that D0f,∗ = D1f,∗ , Π
0
1
0
1
Column 1.
37
A similar outcome (lower prices and asymmetric impacts across firms depending on their competitive advantage) would result from decreasing the transportation cost parameter θ. To see this, it
b ∗ /∂θ and ∂b
suffices to compute ∂ pb∗i /∂θ, ∂ D
πi∗ /∂θ for i = 0, 1 and construct the counterpart to Fig. 2.
i
35
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social welfare.
Column 5 allows for a regulated economy to be compared with the market economy
of Column 2. Similar to Column 1, the welfare gains from adopting socially optimal
regulation are numerically small, despite the substantial lack of schedule variety in
the duopoly equilibrium relative to the social optimum. In contrast to Column 1 (see
footnote 35), the socially optimal pair of departure times is unique since the candidate
welfare-maximizing departure times for T0S ≥ T1S can be shown to yield less social
b γ
welfare. Other market configurations (with larger h, β,
b or smaller θ) could lead to
significant welfare gains from regulation. In an applied context, the potential benefits
of a socially optimal regulated schedule should be contrasted with its implementation
cost and scaled by the number of flights that occur.

5

Conclusion

This paper proposes a framework to analyze the rivalry in prices and service times
between facilities, where facilities provide an input to downstream firms that serve
consumers in the final market. The model allows (i) asymmetries in the location of
the facilities and in consumers’ valuation of schedule delays, (ii) a general distribution
of consumers’ desired departure times and (iii) heterogeneous operating costs for the
carriers that vary depending on the departure time of their flight. This setup is used
to explain the competition in departure times and fares between two types of airlines
(legacy versus low-cost carriers) facing different operating time costs throughout the
day at their departure airport.
We find that accounting for the operating costs incurred by the airlines in the
timing of the service is essential for identifying the level of differentiation in departure
times in duopolistic airport systems: (i) when airlines’ operating costs do not vary
with the time of day, flights are scheduled at the same time at each airport, (ii) when
this cost varies with the time of day and is identical across airlines, differences in
equilibrium demands between airports generate (moderately) distinct departure times,
and (iii) when this cost varies with the time of day and differs across airlines, the
flight schedules generally differ and the level of schedule differentiation is proportional
to airlines’ marginal time cost and airports’ demands. By letting the distribution
of consumers’ preferred times be general, we show explicitly how this distribution
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interacts with their valuation of schedule delays and carriers’ marginal time cost to
determine the equilibrium departure times, fares, fees, demands and profits at each
airport. We further show that an aviation authority using carriers’ departure times
as a policy instrument can improve social welfare. The resulting second-best schedule
differentiation decreases in the distance between airports and in the unit transportation
cost incurred by travelers, and increases in the marginal time cost faced by the airlines
as well as in the unit schedule delay costs faced by travelers.
The paper also identifies the markups of the firms operating in the vertical structure.
In equilibrium, we establish that a higher per-passenger commercial revenue at one
airport induces a lower per-passenger fee charged by both airports to their airline and
a lower fare charged by both airlines at their departure airport. A lower marginal
operating cost for one airline implies a higher fee charged by its departure airport, a
lower fee at the airport served by the rival airline and a lower fare at both airports.
When an airport is more conveniently located for travelers, it can set a higher fee and
its airline can charge a higher fare. Differentiation in departure times allows airports
and their airlines to compete on an additional differentiation dimension that can reduce
or strengthen the advantage in location.
This model could be extended in a number of ways. Stackelberg games would
clearly refine our results regarding strategic behaviours. Considering heterogeneous
transportation costs for passengers to access different facilities would allow for a richer
examination of the location advantage. Allowing multiple departure times in the spirit
of Lindsey and Tomaszewska (1999) would help to design realistic schedule policies to
improve social welfare. Future research may want to consider price-elastic demands
for individual consumers as in Van der Weijde et al. (2014), and simulations based on
alternative distributions of travelers’ desired departure times (as our simulations focus
on the uniform shape).
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A
A.1

Derivations assuming T0 ≤ T1
Demands (4)

The net benefit of traveling from each facility for a consumer located at x ∈ [0, 1] with
desired time t ∈ [0, T0 ] is given by:
b − pb0 − θ (x − h)2 − γ
b0` = U
U
b(T0 − t),
2
b1` = U
b − pb1 − θ (1 − x)2 − γ
U
b(T1 − t),
2
where superscript ` designates magnitudes related to consumers with t at the LHS of
b` − U
b ` for x leads to the indifferent consumer:
T0 . Solving U
0
1
x̃` =

1+h
1
[b
p1 − pb0 + γ
b(T1 − T0 )] +
.
θ(1 − h)
2

(A.1)

As consumers are uniformly distributed with density one (f (x) = 1) on x ∈ [0, 1] and
consume a single unit of the good, given a distribution ρ(t) of desired departure times,
market demands for consumers with t ∈ [0, T0 ] are given by:
D0`

Z

T0

Z

=

x̃`

f (x)ρ(t) dxdt = x̃
0

0

`

Z

T0

ρ(t) dt
0



1+h
m` ,
= p1 − p0 + γ(T1 − T0 ) +
2


1−h
`
`
D1 = m` − D0 = p0 − p1 − γ(T1 − T0 ) +
m` ,
2

(A.2)

where m` denotes the share of consumers with t ∈ [0, T0 ] as defined under (5). Following
the same reasoning for consumers with t ∈]T0 , T1 [, we get:
b − T0 ),
bc = U
b − pb0 − θ (x − h)2 − β(t
U
0
2
b1c = U
b − pb1 − θ (1 − x)2 − γ
U
b(T1 − t),
2
b 0+γ
b
1
βT
bT1 − (b
γ + β)t
(1 + h)
x̃c (t) =
(b
p1 − pb0 ) +
+
;
θ(1 − h)
θ(1 − h)
2
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(A.3)

T1



1+h
x̃ (t)ρ(t) dt = p1 − p0 + (γT1 + βT0 ) +
mc − (β + γ)t̄c ,
=
2
T0


1−h
c
c
D1 = mc − D0 = p0 − p1 − (γT1 + βT0 ) +
mc + (β + γ)t̄c ,
2
D0c

Z

c

(A.4)

where superscript c designates magnitudes related to consumers with t between T0
and T1 , mc is the share of consumers with t ∈]T0 , T1 [ and t̄c is the expected desired
departure time defined under (5). Turning to consumers with t ∈ [T1 , 24], we get:
b − T0 ),
br = U
b − pb0 − θ (x − h)2 − β(t
U
0
2
b − T1 ),
b − pb1 − θ (1 − x)2 − β(t
b1r = U
U
2
1
b 1 − T0 )] + (1 + h) ;
x̃r =
[b
p1 − pb0 − β(T
θ(1 − h)
2


Z 24
1+h
r
r
D0 = x̃
ρ(t) dt = p1 − p0 − β(T1 − T0 ) +
mr ,
2
T1


1−h
r
mr ,
D1 = p0 − p1 + β(T1 − T0 ) +
2

(A.5)
(A.6)

where superscript r designates magnitudes related to consumers with t at the RHS of
T1 , and mr is the share of consumers with t ∈ [T1 , 24] as defined under (5). Aggregating
the demands over the entire [0,24] segment — setting D0 = D0` + D0c + D0r , using (A.2),
(A.4) and (A.6) and recalling that m` + mc + mr = 1 — we get D0 in (4). Further
using the covered condition, we get D1 = 1 − D0 .
Focusing on the SDC difference term (5), by collecting the T0 and T1 terms and
dispatching the average central terms t̄c , we obtain:
Φ(T) = (γm` + γmc − βmr )T1 − γ t̄c − [(γm` − βmc − βmr )T0 + β t̄c ],
|
{z
} |
{z
}
C1M

C0M

where CiM is the average normalized SDC difference related to each departure time Ti
for i = 0, 1. Note that when t ∼ U[0, 24] then:
ΦU (T) =

β+γ 2
β+γ 2
T1 + β(T0 − T1 ) −
T .
48
48 0
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(A.7)

U
hMoreover, Φi (T) is identical whether T0 ≤ T1 or T0 ≥ T1 . Next, given that Φ(T) ≡
bM − C
bM /θ(1 − h), by using (4), calculating ∂D0 /∂η > 0 for η = {h, θ} and
C
1
0
rearranging the expressions, we get:

θ
∂D0 (p, T)
bM ) − (b
bM ),
> 0 iff
(1 − h)2 > (b
p0 + C
p1 + C
0
1
∂h
2
∂D0 (p, T)
bM < pb0 + C
bM ,
> 0 iff pb1 + C
1
0
∂θ

(A.8)

b
b1M ) ≡ −(b
b0M )−(b
p1 −b
p0 )− Φ(T)
and ∂D1 (p, T)/∂η = −∂D0 (p, T)/∂η.
p1 + C
where (b
p0 + C
The link between (A.8) and the results under (2) should be clear.

A.2

Covered market condition (3)

To establish market conditions that guarantee that 0 < x
e(t) < 1 for t ∈ [0, 24], we
r
c
use (A.1), (A.3) and (A.5) and note that x̃ (t) ≤ x̃ (t) ≤ x̃` (t). Then, setting
0 < x̃r (t) ≤ x̃` (t) < 1 yields (3). Note that this condition could be further relaxed
to allow all travelers with t ≥ T1 (resp. t ≤ T0 ) to depart facility 1 (resp. facility
0). These situations are not analyzed here, but Appendix A.7 discusses the conditions
under which these cases are more likely to occur.

A.3

Proof of Lemma 1

To compute ∂Φ(T)/∂Ti for i = 0, 1, note first that:
∂ml
= ρ(T0 ),
∂T0
∂ml
= 0,
∂T1

∂mc
= −ρ(T0 ),
∂T0
∂mc
= ρ(T1 ),
∂T1

∂mr
∂ t̄c
= 0,
= −T0 ρ(T0 ),
∂T0
∂T0
∂mr
∂ t¯c
= −ρ(T1 ),
= T1 ρ(T1 ).
∂T1
∂T1

Using the above, we obtain:
∂Φ(T)
= β − (β + γ)m` ,
∂T0
∂ 2 Φ(T)
= −(β + γ)ρ(T0 ),
∂T02

∂Φ(T)
= γ − (β + γ)mr ,
∂T1
∂ 2 Φ(T)
= (β + γ)ρ(T1 ),
∂T12
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(A.9)
(A.10)

where we use mc + mr = 1 − m` to get ∂Φ(T)/∂T0 and m` + mc = 1 − mr to
get ∂Φ(T)/∂T1 . Setting each first derivative in (A.9) equal to zero leads to the departure times T0∗ = T1∗ = F −1 [β/(β + γ)], where we use γ/(β + γ) = 1 − β/(β + γ) to
obtain T1∗ .

A.4

Existence of interior departure time equilibria when
ρ(t) = U[0, 24]

When ρ(t) = U[0, 24], by substituting ΦU (T0 , T1 ) into (A.7) and demands (13) into
carrier profits (15), these profits can be shown to be two quartic functions in Ti that
read:
πi (T0 , T1 ) = fi + ei Ti + di Ti2 + bTi3 + aTi4 ,

i = 0, 1,

(A.11)

where coefficients a = (β + γ)2 /20, 736 and b = −β(β + γ)/216 are identical across
carriers and depend only on the (normalized) unit SDCs, and coefficients di , ei and
fi are carrier-specific and depend on T−i and other parameters of the model.38 Let
Ti , T−i ∈ R. Given that the coefficient of the leading term Ti4 is positive (a > 0), we
deduce that limTi →±∞ πi (Ti , T−i ) = +∞. For a unique and interior profit-maximizing
departure time Ti? ∈ ]0, 24[ to exist for i = 0, 1, the profit functions need to be strictly
concave on [0, 24]. They must be ‘W-shaped’ and thus possess three critical points, two
of which are minima and one is a local maximum. Below we provide a set of parameter
restrictions that ensure that this local maximum exists, is unique and interior on the
[0,24] time interval and yields positive profits for i = 0, 1. To establish this, we impose
∂ 2 πi (T0 , T1 )
??
??
??
??
< 0, ∀Ti ∈ ]Ti,a
, Ti,b
[ ⊂ R with Ti = 0 ∈ ]Ti,a
, Ti,b
[,
∂Ti2
∂πi (T0 , T1 )
∂πi (T0 , T1 )
> 0,
< 0 and
(ii)
∂Ti
∂Ti
Ti =0
Ti =24
(i)

(iii) πi (T0 , T1 )|Ti =0 > 0
for i = 0, 1. Condition (i) ensures the existence of a locally quasi-concave profit func??
??
tion for each carrier over the real interval ]Ti,a
, Ti,b
[⊂ R which includes Ti = 0. On this
38

The detailed expressions in this Appendix are available upon request.
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interval, the first derivative of the profit function is decreasing. Condition (ii) guarantees that this first derivative is: positive at Ti = 0, null at the local maximum Ti? and
negative on ]Ti? , 24]. This necessarily implies the existence of a single stationary point
Ti? ∈ ]0, 24[ which is the profit-maximizing departure time for each carrier. Condition
(iii) ensures that the maximized profit for i = 0, 1 is positive because πi (T0 , T1 )|Ti =T ?
i
is greater than πi (T0 , T1 )|Ti =0 > 0.
Starting with (i), by (A.11) we have:
∂ 2 πi /∂Ti2 = d¯i + b̄Ti + āTi2 ,

i = 0, 1,

where the coefficient of the leading term Ti2 is positive (ā = (β + γ)2 /1, 728 > 0).
We need parameter restrictions that ensure the existence of two real solutions (or
??
??
??
??
< Ti,b
and such that Ti,a
and Ti,b
roots) to ∂ 2 πi (T0 , T1 )/∂Ti2 = 0, denoted by Ti,a
??
??
, Ti,b
[. These roots are the inflection points of the quartic
and ∂ 2 πi /∂Ti2 < 0, ∀Ti ∈]Ti,a
profit functions. A quadratic function has two real solutions if its discriminant satisfies
∆i = b̄2 − 4ād¯i > 0. As ā, b̄2 > 0, we can impose d¯i < 0. Term d¯i can be shown to
2
¯T−i
¯ = −(β +
be itself a quadratic function in T−i such that d¯i = d¯i + ¯b̄T−i + ā
with ā
γ)/5184 < 0. Let the discriminant of d¯i be given by ∆d¯i . Setting ∆d¯i < 0 for i = 0, 1
¯) and implies that d¯i < 0, ∀T−i ∈ R. This restriction
guarantees that sgn(d¯i ) = sgn(ā
leads to the following first condition:
β, γ > 0,

0 ≤ h < 1,

T0 , T1 ∈ R

and

72β 2 − (β + γ)(3 + h)
−72β 2 + (β + γ)(3 − h)
< ∆e
c<
.
2(β + γ)
2(β + γ)

(A.12)

Next, solving ∂ 2 πi (T0 , T1 )/∂Ti2 = 0 for i = 0, 1 yields:
??
T0,a,b

√
24β
A
=
∓√
,
β+γ
3(β + γ)

??
T1,a,b

√
24β
A0
=
∓√
β+γ
3(β + γ)

??
??
where Ti,a
< Ti,b
because (A.12) implies that



A = 24 24β 2 + (3 + h + 2∆e
c)(β + γ) − 48β(β + γ)T1 + (β + γ)2 T12 > 0,


A0 = 24 24β 2 + (3 − h − 2∆e
c)(β + γ) − 48β(β + γ)T0 + (β + γ)2 T02 > 0.
??
??
??
??
We can further show that Ti,a
< 0 and Ti,b
> 0 when (A.12) holds so that Ti = 0 ∈]Ti,a
, Ti,b
[
for i = 0, 1.
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To satisfy (ii), first note that ∂πi (T0 , T1 )/∂Ti |Ti =0 = ei in (A.11). We can then
2
show that ei = d0i + b0 T−i + a0 T−i
with a0 = β(β + γ)/216 > 0. Then, the first derivative
of the profit function evaluated at Ti = 0 for i = 0, 1 appears to be, again, a quadratic
2
— identical across carriers —
function in T−i and the coefficient of the leading term T−i
is positive. To ensure that ei > 0, ∀T−i ∈ R, we require its discriminant to be negative
so that sgn(ei ) = sgn(a0 ). The same reasoning applies to ∂πi (T0 , T1 )/∂Ti |Ti =24 < 0.
2
In the latter case, the coefficient of the leading term T−i
can be shown to be negative
(a0 = −γ(β + γ)/216 < 0) and so must be the relevant discriminant. Combining the
resulting restrictions for i = 0, 1 yields the following set of conditions:
8γ 3
(3 + h + 2∆e
c)γ
8β 3
(3 + h + 2∆e
c)β
−
< k0 < −
+
,
3(β + γ)
9
3(β + γ)
9
8γ 3
(3 − h − 2∆e
c)γ
8β 3
(3 − h − 2∆e
c)β
−
< k1 < −
+
.
3(β + γ)
9
3(β + γ)
9

(A.13)

Turning to (iii), πi (T0 , T1 )|Ti =0 is clearly equivalent to fi in (A.11), where fi can
be shown to be a fourth-degree polynomial in T−i which does not depend on ki . If we
further set the fixed time costs Ki = 0 for simplicity, then when (A.12) holds, we can
show that fi > 0 if:39
0<β<

1
and γ > 0
24

or when

β>

1
and γ > β(24β − 1).
24

(A.14)

Replacing β, γ > 0 in (A.12) with (A.14) guarantees that πi (T0 , T1 )|Ti =0 > 0 for i = 0, 1.
To summarize, (A.12), (A.13) and (A.14) ensure the existence of a unique profitmaximizing Ti? ∈ ]0, 24[ for each carrier with positive profits. Notice that these conditions are expressed in terms of scaled parameters. Multiplication by θ(1 − h) leads
to their unscaled counterpart which can be used in Section 4 and Appendix C. These
interior solutions do not guarantee the uniqueness of the Nash equilibrium for departure times. These additional conditions are excessively technical. Alternatively, one
can simply use the parameter values that satisfy the existence conditions, solve system
∂πi (T0 , T1 )/∂Ti = 0 for i = 0, 1 and draw the time reaction functions that fall within
the [0, 24]2 space (one per carrier). This approach is more insightful and allows the
39

This result is obtained with Mathematica after solving: Reduce[fi > 0 && (A.12)]. Plotting fi
for i = 0, 1 under the above parameter restrictions yields a quartic function that is positive ∀T−i ∈ R.
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uniqueness of the Nash equilibrium and its local stability to be graphically explored.
Such numerical analysis is applied in Appendix C.

A.5

Differentiation of the FOCs (20) w.r.t. ki

To show that dTi∗ /dki < 0, we first rearrange (20) as
G(Ti , ki ) ≡ F (Ti ) +

3ki
β
= 0.
−
∗
2(β + γ)Di (T, τ ) β + γ

The implicit function theorem implies that dTi /dki = −(Gki /GTi ). After some algebra,
we get:
dTi
Gk
3Di∗ (T, τ )
≡− i =
.
∗
∂D (T,τ )
dki
GTi
3ki i∂Ti − ρ(Ti )2(β + γ)Di∗,2 (T, τ )

(A.15)

Next, we deduced from (13) that ∂Di∗ (T, τ )/∂Ti = 31 ΦTi (T) for i = 0, 1 and by
Lemma 1 we have ΦT0 (T) = β − (β + γ)m` and ΦT1 (T) = γ − (β + γ)mr . Assuming
the existence of an interior and unique Nash equilibrium T∗ = (T0∗ , T1∗ ), the FOCs (19)
satisfy
β − (β + γ)m` =

3k0
∗
2D0 (T∗ , τ )

and γ − (β + γ)mr =

3k1
,
∗
2D1 (T∗ .τ )

(A.16)

Thus, ∂Di∗ (T, τ )/∂Ti = 31 ΦTi (T) becomes ∂Di∗ (T∗ , τ )/∂Ti = ki /2Di∗ (T∗ , τ ). Replacing the latter expression in (A.15) for i = 0, 1, the denominator of (A.15) becomes:
3ki2
− ρ(Ti∗ )2(β + γ)Di∗,2 (T∗ , τ ),
2Di∗ (T∗ , τ )

i = 0, 1.

(A.17)

Assuming that (23) is satisfied in equilibrium for i = 0, 1, the above expression is
negative. That is, setting (A.17) < 0 yields (23). Thus, given that the numerator
of (A.15) is positive and its denominator is negative in equilibrium, we deduce that
dTi∗ /dki < 0.
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A.6

Schedule differentiation with time-varying costs

If the solution to the system of FOCs (20) or (B.7) yields a unique and interior Nash
equilibrium T∗ and if the market is covered, i.e., if D0∗ (T∗ , τ ) = 1 − D1∗ (T∗ , τ ) ∈ ]0, 1[,
we can use these FOCs to establish the conditions under which the equilibrium demands
and carriers’ marginal time costs lead to T0∗ Q T1∗ . That is, setting F (T0∗ ) Q F (T1∗ )
yields:
−

k0
k1
Q− ∗ ∗
∗
∗
D0 (T , τ )
D1 (T , τ )

⇔

−

1 − D0∗ (T∗ , τ )
k1
Q− ,
∗
∗
D0 (T , τ )
k0

(A.18)

where, slightly abusing notation, Di∗ (T∗ , τ ) for i = 0, 1 is (13) if we set F (T0∗ ) ≤ F (T1∗ )
and (B.5) if we impose F (T0∗ ) ≥ F (T1∗ ). We can now analyze the above inequalities
when k0 , k1 > 0, k0 > 0 and k1 < 0, k0 < 0 and k1 > 0, and k0 , k1 < 0. Rearranging
(A.18) yields:
k0
⇒ T0∗ Q T1∗ ,
k0 + k1
|k0 |
(ii) if k0 < 0, k1 < 0, D0∗ (T∗ , τ ) Q
⇒ T0∗ R T1∗ ,
|k0 | + |k1 |
|k1 |
1 − D0∗ (T∗ , τ )
>
−
(iii) if k0 > 0 and k1 < 0,
⇒ T0∗ < T1∗ ,
∗
D0 (T∗ , τ )
k0
1 − D0∗ (T∗ , τ )
k1
(iv) if k0 < 0 and k1 > 0,
>
−
⇒ T0∗ > T1∗ ,
∗
D0 (T∗ , τ )
|k0 |
(i) if k0 , k1 > 0, D0∗ (T∗ , τ ) Q

where, slightly abusing notation, D0∗ (T∗ , τ ) denotes (13) if F (T0∗ ) ≤ F (T1∗ ) and (B.5) if
F (T0∗ ) ≥ F (T1∗ ). Hence, in cases (i) or (ii), the schedule differentiation pattern depends
on whether the equilibrium demand D0∗ (T∗ , τ ) is lower than, equal to or larger than
the marginal time cost shares k0 /(k0 + k1 ) or |k0 |/(|k0 | + |k1 |). Cases (iii) and (iv)
highlight that k0 > 0 and k1 < 0 necessarily leads to T0∗ < T1∗ while k0 < 0 and k1 > 0
implies T0∗ > T1∗ .
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A.7

Substituting the equilibrium fees into the equilibrium fares
and into the covered market condition

Substituting the fees (25) into the fares (8) and rearranging yields:
1
18 + 2h 4
p∗∗
+ Φ(T),
0 = [(5c0 + 4c1 ) − (5ω0 + 4ω1 )] +
9
9
9
1
18
−
2h
4
p∗∗
− Φ(T).
1 = [(4c0 + 5c1 ) − (4ω0 + 5ω1 )] +
9
9
9

(A.19)

Hence, in equilibrium, a lower marginal operating cost for one carrier at a facility
induces a lower fare at both facilities; a higher per-passenger commercial revenue at one
facility reduces fares charged by both carriers at their departure facilities. Substituting
∗
∗
the fees (25) into carrier markups, m∗∗
i = pi − (ci + τi ) for i = 0, 1 leads to:
1
m∗∗
0 = [(c1 − c0 ) + (ω0 − ω1 )] +
9
1
m∗∗
1 = [(c0 − c1 ) + (ω1 − ω0 )] +
9

9+h 1
+ Φ(T),
18
9
9−h 1
− Φ(T).
18
9

(A.20)

Thus, a lower marginal operating cost for one carrier induces a higher markup for that
carrier and a lower markup for the rival carrier serving the other facility. Similarly, a
higher per-passenger commercial revenue at one facility induces a higher markup for its
carrier and a lower markup for the rival carrier serving the other facility. Furthermore,
by using (A.20), we can rewrite (10) in terms of commercial revenues as:
h
∗∗
m∗∗
0 − m1 > 0 iff ∆c > − − Φ(T) − ∆ω,
2

(A.21)

where ∆c = c1 − c0 and ∆ω = ω0 − ω1 . Recall that ci and ωi for i = 0, 1 are b
ci and ω
bi
divided by θ(1 − h).
Moreover, when the marginal time cost of the carriers is null (b
k0 = b
k1 = 0) or
when the departure times are given to the carriers, we can substitute the fares (A.19)
in (3) and explicitly express the covered market condition in terms of the exogenous
∗∗
parameters of the model. Recalling that pb∗∗
i = θ(1 − h)pi , first note that:
1
b
pb∗∗
b∗∗
c1 − b
c0 ) + (b
ω0 − ω
b1 ) − 8Φ(T)
− 4hθ(1 − h)].
1 −p
0 = [(b
9
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(A.22)

Substituting (A.22) into (3), the covered market condition (3) becomes:
θ
− (1 − h)(9 + h) <
2
b 1 − T0 ) ≤ ∆b
b
b
∆b
c + ∆b
ω − 8Φ(T)
− 9β(T
c + ∆b
ω − 8Φ(T)
+ 9b
γ (T1 − T0 )

(A.23)

θ
< (1 − h)(9 − h),
2

with ∆b
c=b
c1 − b
c0 , ∆b
ω=ω
b0 − ω
b1 . Further replacing T with T∗ , one can eliminate the
endogenous departure times. Sticking with exogenous departure times, we notice that
the market is more likely to be covered when θ is large h; βb and γ
b are low; ∆b
c ≈ −∆b
ω
b
and Φ(T)
≈ 0.

A.8

Social welfare

Substituting expressions (30) into the social welfare function (29) and rearranging
yields:
Z 24Z

x
e(t)

b 0 , t) + pb0 − (b
b − pb0 − θ (x − h)2 − C(T
c0 + τb0 ) + τb0 + ω
b0 ] dxρ(t)dt −
[U
2

c (T) =
W
0

0

K̄0 − b
k0 T0 +
Z 24Z 1
b − pb1 − θ (1 − x)2 − C(T
b 1 , t) + pb1 − (b
[U
c1 + τb1 ) + τb1 + ω
b1 ] dxρ(t)dt −
2
0
x
e(t)
K̄1 − b
k1 T1
#
Z 24 "Z xe(t)
b − θ (x − h)2 − C(T
b 0 , t) − b
b0 − b
=
[U
c0 + ω
b0 ] dx ρ(t)dt − K
k0 T0 +
2
0
0
|
{z
}
(A)

Z

24

0

Z

1


θ
2
b − (1 − x) − C(T
b 1 , t) − b
b1 − b
[U
c1 + ω
b1 ] dx ρ(t)dt − K
k1 T1 ,
2
x
e(t)
|
{z
}
(B)

where prices in the integrands of the two last RHS expressions have vanished.
Focusing on the case where T0 ≤ T1 , social welfare is given by:
Z
c (T0 , T1 ) =
W

T0

[(A) + (B)]ρ(t)dt +
0

Z

T1

Z

[(A) + (B)]ρ(t)dt +
T0

24

b
[(A) + (B)]ρ(t)dt − K(T),
T1
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where


1
θ
2
2
b+
(h − 1)e
x(t) + (1 − h )e
x(t) −
(A) + (B) = U
2
3
h
i
b 1 , t) − C(T
b 0 , t) + ω
+ C(T
b0 − ω
b1 + b
c1 − b
c0 x
e(t)
b 1 , t) + ω
− C(T
b1 − b
c1 .
Assuming ρ(t) = 1/24, using x
e(t) from expression (2) in which equilibrium fares are
replaced with (A.19) and integrating over dimension t, this function appears to be a
fifth-degree polynomial in T0 and T1 with high-order interaction terms. Following the
same steps for T0 ≥ T1 and by using the symmetric expressions in Appendix B, we
obtain a symmetric fifth-order polynomial. By combining both polynomials over the
T ∈ [0, 24]2 domain, we can draw the social welfare function for suitable parameter values and examine how its shape varies over different parameter ranges (see Fig. A.1).40
The top panel in Fig. A.1 represents the social welfare function for the symmetric
benchmark market considered in Fig. 3. The two black stars are two symmetric maxima
that yield the same level of social welfare. The black point at the intersection between
c (T, T ) diagonal is a saddle point. The bottom
the ∞-shaped level curve and the W
panel in Fig. A.1 represents the social welfare function for the asymmetric market
considered in Column 5 of Table 1. The two black stars are two local maxima, one
c (T, T ) diagonal — yields the greatest social welfare.
of which — the one above the W
c (T, T )
The black point at the intersection between the ∞-shaped level curve and the W
diagonal is a saddle point.
40

The Manipulate function of Mathematica, for example, allows the user to interactively visualize
c (T0 , T1 ) changes over a range of parameters.
how the shape of W
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Figure A.1: Social welfare function

c (T0 , T1 ) for t ∼ U[0, 24], U
b = 1000, h = 0, βb = γ
Notes: W
b = 7,
b
b
b
θ/2 = 130, b
ci = 8, ω
bi = 18, ki = 0 and Ki = Fi = 0 for i = 0, 1 and
2
(T0 , T1 ) ∈ [0, 24] .

c (T0 , T1 ) for t ∼ U[0, 24], U
b = 1000, h = 0.25, βb = 5, γ
Notes: W
b = 7,
b
b
b
θ/2 = 130, b
c0 = 10, b
c1 = 8, ω
b0 = 20, ω
b1 = 18, k0 = k1 = 0, Ki = Fbi = 0
for i = 0, 1 and (T0 , T1 ) ∈ [0, 24]2 .
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B

Derivations assuming T0 ≥ T1

In this Appendix, we denote the counterpart of the expressions derived assuming
T0 ≤ T1 by the superscript ‘sym’.

B.1

Counterpart of demands (4)

When T0 ≥ T1 , D0`,sym and D0r,sym are given by replacing the shares m` in (A.2) and
R 24
RT
= T0 ρ(t)dt, respectively. For D0c,sym ,
mr in (A.6) with msym
= 0 1 ρ(t)dt and msym
r
`
by applying the same reasoning as in Appendix A.1, we get:
b − pb0 − θ (x − h)2 − γ
b0c = U
U
b(T0 − t),
2
b − T1 ),
bc = U
b − pb1 − θ (1 − x)2 − β(t
U
1
2
b 1+γ
1
(βT
bT0 ) − (βb + γ
b)t (1 + h)
x̃c,sym (t) =
(b
p1 − pb0 ) −
+
;
θ(1 − h)
θ(1 − h)
2


1+h
c,sym
msym
+ (β + γ)t̄sym
,
D0
= p1 − p0 − (βT1 + γT0 ) +
c
c
2


1−h
c,sym
D1
= p0 − p1 + (βT1 + γT0 ) +
msym
− (β + γ)t̄sym
,
c
c
2

(B.1)

RT
RT
= T10 t ρ(t)dt. Given that D0sym = D0l,sym + D0c,sym +
= T10 ρ(t)dt and t̄sym
where msym
c
c
D0r,sym and D1sym = 1 − D1sym , we have the following aggregate demands:
1+h
+ Φsym (T),
2
1−h
= p0 − p1 +
− Φsym (T),
2

D0sym = p1 − p0 +
D1sym

(B.2)

where the counterpart of the SDC difference (5) is given by:
Φsym (T) = γ(T1 − T0 )msym
− (βT1 + γT0 )msym
− β(T1 − T0 )msym
+ (β + γ)t̄sym
,
c
r
c
l

where msym
+ msym
+ msym
= 1.
c
r
l
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(B.3)

B.2

Counterpart of the covered market condition (3)

Following the same steps as in Appendix A.2, the covered market condition (3) is:
θ
b 0 − T1 ) < θ (1 − h)2 .
− (1 − h2 ) < pb1 − pb0 − γ
b(T0 − T1 ) ≤ pb1 − pb0 + β(T
2
2

B.3

(B.4)

Proof of Lemma 1 when T0 ≥ T1

Consider Φsym (T) in (B.3). To compute ∂Φsym (T)/∂Ti for i = 0, 1, use terms msym
,
l
sym
sym
sym
mc , mr and t̄c defined in Appendix B.1. Note first that:
∂msym
l
= 0,
∂T0
∂msym
l
= ρ(T1 ),
∂T1

∂msym
c
= ρ(T0 ),
∂T0
∂msym
c
= −ρ(T1 ),
∂T1

∂msym
∂ t̄sym
r
c
= −ρ(T0 ),
= T0 ρ(T0 ),
∂T0
∂T0
∂msym
∂ t̄sym
r
c
= 0,
= −T1 ρ(T1 ).
∂T1
∂T1

Using the above, we obtain:
∂Φsym (T)
∂Φsym (T)
sym
= (β + γ)mr − γ,
= (β + γ)msym
− β,
`
∂T0
∂T1
∂ 2 Φsym (T)
∂ 2 Φsym (T)
=
−(β
+
γ)ρ(T
),
= (β + γ)ρ(T1 ).
0
∂T02
∂T12
=
+ msym
to get ∂Φsym (T)/∂T0 and msym
where we use msym
= 1 − msym
+ msym
r
c
r
c
`
1 − msym
to get ∂Φsym (T)/∂T1 . Again, setting each first derivative equal to zero leads
`
to T0∗ = T1∗ = F −1 [β/(β + γ)].

B.4

Counterpart of the time game in Section 2.2.2

When T0 ≥ T1 , the counterparts of the equilibrium demands (13) are given by:
1
D0sym,∗ (T, τ ) = [3 + h + 2∆e
c + 2Φsym (T)],
6
1
sym,∗
D1
(T, τ ) = [3 − h − 2∆e
c − 2Φsym (T)],
6
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(B.5)

and FOCs (19) become:
∂K(T0 )
∂π0sym,∗ (T, τ )
2
= [(β + γ) msym
− γ] D0sym,∗ (T, τ ) −
= 0,
r
∂T0
3
∂T0
∂π1sym,∗ (T, τ )
2
∂K(T1 )
= − [(β + γ) msym
− β] D1sym,∗ (T, τ ) −
= 0,
l
∂T1
3
∂T1
and msym
, which are defined in Appendix B.1, denote the share of travelers
where msym
r
`
with desired times earlier than T1 and later than T0 , respectively. Consider the case
where ∂K(Ti )/∂Ti = ki = 0 for i = 0, 1. Solving the above system of FOCs with
respect to Ti yields the counterpart of the equilibrium departure times (22):
β
F (T0 ) = F (T1 ) =
⇒ T sym,∗ |k0 =k1 =0 = F −1
β+γ



β
β+γ


.

(B.6)

Turning to the case where k0 , k1 6= 0 in (18), the counterpart of (20) is:
F (Ti ) =

β
3ki
−
,
β + γ 2(β + γ)Disym,∗ (T, τ )

i = 0, 1.

(B.7)

Assuming that a unique and interior solution exists for each Ti in (B.7), profit maximization requires the SOCs to hold, that is:
4
ki2 < ρ(Tisym,∗ )(β + γ)Disym,∗3 (Tsym,∗ , τ ).
3

C

The time game with time-varying operating costs

Below we numerically solve several time games under the assumptions given below
Fig. C.1 for all marginal time cost pairs of the set b
k0 × b
k1 with b
ki = {−1, 0, 1}, i = 0, 1.
As t is uniformly distributed, the reader can confirm that the existence conditions
(A.12), (A.13) and (A.14) hold.
Fig. C.1 shows the best response functions of each carrier to its rival’s schedule,
denoted by BRi (b
ki ), i = 0, 1, for the above combinations of marginal time costs.
The “NE” intersections represent the Nash equilibria for departure times. To further
highlight demand’s role on schedule differentiation, we also compute the equilibria
obtained by assuming b
k0 = b
k1 > 0, b
k0 = b
k1 < 0 and b
ki = −b
k−i > 0 for i = 0, 1. The
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Figure C.1: Nash equilibria in departure times and time reaction functions
BR(k0 =0)

BR(k0 =+1)

Ti * (k0 = k1 <0)

BR(k0 =-1)

T0 = T 1

20

 = -k )
Ti * (k
1
0
NE(k0 =-k1 =+1)

NE(k0 =0, k1 =-1)
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Notes: all simulations assume: h = 0.25, t ∼ U[0, 24], βb = 5, γ
b = 7, θ/2 = 130, b
c0 = 10,
b i = 0 for i = 0, 1.
b
c1 = 8, τb0 = 280, τb1 = 266, K

numerical values of the departure times, fares, demands and profits are available upon
request from the authors.
When the marginal time cost is null for both carriers, their reaction functions
BR0 (b
k0 = 0) and BR1 (b
k1 = 0) are constant and intersect at point N E(b
k0 = b
k1 = 0)=
(10, 10). When the time cost increases in the time of day for carrier 0, its reaction
function, denoted by BR0 (b
k0 = +1), moves left and becomes convex in the departure
time of its rival. The intersection of BR0 (b
k0 = +1) and BR1 (b
k1 = 0) yields a unique
Nash equilibrium N E(b
k0 = +1, b
k1 = 0) = (4, 10). Hence, carrier 0 schedules its service
earlier in the morning while carrier 1 departs at 10 a.m.. The remaining Nash equilibria
can be analyzed similarly.
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We now consider the case where the marginal time cost is the same across carriers and different from zero (b
k0 = b
k1 6= 0). These equilibria lie along the dotted lines
∗ b
∗
Ti (k0 = b
k1 < 0) and Ti (b
k0 = b
k1 > 0), close to the T0 = T1 diagonal. Both services are
scheduled later/earlier than 10 a.m. when the marginal time costs decrease/increase.
As carrier 1 receives a lower demand in equilibrium in this game, its departure time
moves further right away from 10 a.m. than its rival’s when the marginal time costs
are negative (then, T0∗ < T1∗ ), and further left away from 10 a.m. when the marginal
time costs are positive (then, T0∗ > T1∗ ). The proximity of the lines Ti∗ (b
k0 = b
k1 < 0)
∗ b
and Ti (k0 = b
k1 > 0) to the diagonal T0 = T1 is due to the closeness of the equilibrium
demand of the carriers. Notice in Fig. C.1 that any small deviation from the equilibrium for a carrier along its reaction function drives its departure time back to the
initial equilibrium. This confirms the stability in schedule competition of the carrierrivalry game when travelers’ preferred departure times are uniformly distributed and it
stresses that the departure times are strategic complements. A similar reaction space
with right-shifted time reaction functions is obtained when βb = γ
b or when βb > γ
b.
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